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generation: For a range of values of (zi,ui) at the Poincaré section,
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SUMMARY

For legged robots, to be practical, they need to be stable and agile. Stability is the ability

to withstand perturbations, and agility is the ability to rapidly accelerate. Both this metrics

are challenging to meet for dynamically balancing legged robots which are machines that have

point feet or small feet and hence are statically unstable but need to constantly move to achieve

dynamical stability. The most well-known method of stabilizing such robots is to generate a

periodic or steady motion, also known as a limit cycle and then stabilizing the limit cycle. How-

ever, current techniques only provide small perturbation stability for the limit cycle limiting

its usefulness. To generate agile gaits, non-steady motion needs to be planned, but is computa-

tionally challenging. Although steady state gaits are computationally simple to evaluate, such

gaits are not agile. This thesis provides a framework for large perturbation stability of the limit

cycle and composition of limit cycles to achieve agile locomotion. The framework is based on

assuming a candidate Lyapunov function for step-to-step or orbital stability of the limit cycle.

Then a data-driven approach is used to find a nonlinear control policy to stabilize the limit

cycle and to estimate the set of initial states that can be stabilized also known as the region

of attraction. These regions of attraction are composed using heuristics and sampling-based

techniques to achieve agile motion. Finally, the thesis explores a computational approach for

real-time planning on complex terrains such as stepping stones. The approach consists of using

data-driven techniques to generate and model the step-to-step dynamics around the limit cycle.

The resulting model is simple enough to enable real-time nonlinear optimization. Demonstra-

xvii



SUMMARY (Continued)

tion of these approaches is done using the spring-loaded inverted pendulum model of hopping

and compass gait model of walking.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

While dynamically balancing legged systems, which are required to travel continuously to

stay balanced, have been considered as a replacement for traditional vehicles to operate on

difficult terrain, their functionally has been far from satisfactory. Because stability is key

to the success of such systems, it is typical to exploit existing techniques in formal control

theory to design controllers. Although the research community has made substantial progress

in developing techniques for designing controllers with stability guarantees for smooth systems

such as aerial, underwater, and wheeled systems, it is difficult to apply such techniques to

dynamically balancing legged robots due to several sources of complexity including but not

limited to limb coordination (the robot’s degree of the freedom is higher than that of the task),

hybrid dynamics (continuous dynamics punctuated by discontinuous dynamics during support

transfer), underactuation (more degrees of freedom than actuators), and inherent unstable

modes (projectile motion for running and inverted pendulum for walking). Therefore, there is

a growing need for developing state-of-the-art stability techniques for dynamically balancing

legged robots. The continued existence of such need restricts the performance of legged robots.

Once the stability issue is successfully tackled, it is possible to effectively handle high-level
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behaviors such as motion and task planning. Fulfilling this need will allow legged robots to

serve in many roles such as assisting first responders, carrying out search and rescue missions,

or as industrial workers.

The vast majority of researches have looked at planning of locomotion that repeats itself

after every step, also known as periodic or steady locomotion. Though the steady locomotion

is computationally simpler to evaluate, it is not agile since there is no change in speeds and/or

direction between steps. Extending techniques for synthesizing stable steady gaits to include

non-steady or agile gaits is computationally challenging because it increases the dimensionality

of the search space by an order for each added degree of freedom and the need for stabilization

of each non-steady gait adds to the computational burden. The goal of this thesis is to create

efficient computational techniques for motion control and balance and then extend these tech-

niques to include motion planning. We use best practices from two fields—machine learning and

formal control theory—in a unique way to create better control algorithms for legged systems.

1.2 Contributions

The contributions of this thesis to the stability and agility of dynamically balancing legged

robots can be summarized as follows.

1.2.1 Designing Exponentially Stabilizing Controllers for Steady State Gaits

The first contribution of this thesis is to design exponentially stabilizing controllers for

steady state gaits. The role of the stabilizing controller is to bring a set of initial conditions

back to the steady state gait. This set is called the region of attraction (ROA). The methodology
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is to use an orbital control Lyapunov function (OCLF) to find a combination of controls that

would yield a large region of attraction. We define the OCLF as a quadratic function with

the difference between the actual and nominal states as its arguments. This methodology is

original because previous methods are based on a linear controller which limits the size of the

ROA, but we rather use nonlinear programming to find controls which maximize the ROA. We

then generate a compact representation of each control as a function of the states. We make

no assumption on any specific relation, but use data-driven techniques to find the best relation

between control and state that enlarges the ROA. This contribution is addressed in chapters

2–4.

1.2.2 Developing Efficient Techniques for Creating Agile Gaits Using Controllers

for Steady State Gaits

The second contribution of this thesis is to present a computationally efficient framework

for synthesizing agile gaits. Agility includes non-steady motion specified by the speed and/or

direction change over a step. A simple way to synthesize agile gaits is to construct controllers

for every possible change, but this method is computationally expensive. There is a necessity for

developing a computationally efficient technique to switch between controllers. The technique is

to efficiently compose steady motions to synthesize agile (non-steady state) gaits with stability

guarantees. Specifically, we use the region of attraction at the Poincaré section in conjunction

with motion planning tools such as rapidly-exploring random tress (RRT) to switch between

two steady state gaits. The rationale behind using this method is that it is at least an order
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of magnitude computationally cheaper to synthesize steady state gaits than agile gaits. This

contribution is addressed in chapters 5 and 6.

1.2.3 Creating Approximate Models of Step-to-Step Dynamics and Using them

with Formal Control Tools for Motion Planning

The third contribution of this thesis is to use data-driven techniques to build approximate

models of the step-to-step dynamics or Poincaré map. This involves two stages. First, we

generate the data from sampling the initial conditions and controls and use the robot simulation.

Second, we use a suitable regression model to fit the data. This approach is original as it takes

advantage of the fact that the step-to-step dynamics can be approximated by smooth functions

despite the non-smoothness of the instantaneous dynamics of locomotion. Once the approximate

model of the step-to-step dynamics is obtained, we can use a broad range of formal control tools

available for smooth systems. This contribution is addressed in chapter 7.

1.3 Organization of the Thesis

The remainder of this thesis is organized as follows.

Chapter 2 presents an orbital control Lyapunov function (OCLF) to exponentially stabilize

a bipedal robot walking down a slope. The performance of the OCLF-based controller is

compared with a one-step dead-beat controller and eigenvalue-based controller in terms of

robustness, energy-efficiency and sensitivity to modeling errors.
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Chapter 3 investigates the role of two different control strategies, foot placement control

and ankle-push off control, in the stabilization of bipedal gaits using two stability criteria, the

one-step dead-beat stabilization and the OCLF-based stabilization developed in chapter 2.

Chapter 4 provides a data-driven technique to find nonlinear control policies that enlarge

the region of attraction of the limit cycle of legged robots. The approach starts by assuming

an ROA and then finds nonlinear control policies by carrying out trajectory optimization on

sampled initial conditions. The approach is implemented on a model of hopping robot followed

by verifying the control policies and performing robustness checks.

Chapter 5 deals with creating agile gaits by sequentially composing steady state gaits using

heuristics. This is realized by funneling the robot from the start state to goal state by using the

region of attraction of successive, overlapping steady state limit cycles at the Poincaré section.

The OCLF-based controller is used to provide fast transitioning between two limit cycles.

Chapter 6 presents a framework to create agile gaits by sequentially composing steady state

gaits using sampling-based techniques. The approach is to fill the entire entire state space with

the regions of attraction and association controllers and then use the rapidly-exploring random

trees (RRT) algorithm for feedback motion planning.

Chapter 7 provides a data-driven technique to build an approximate model of the step-to-

step dynamics and use this model within a model predictive control (MPC) for navigation on

stepping stones.

Finally, chapter 8 provides a summary and discusses possible directions for future work.



CHAPTER 2

ORBITAL CONTROL LYAPUNOV FUNCTION FOR EXPONENTIAL

STABILIZATION OF BIPEDAL ROBOTS

(A significant portion of this chapter is reproduced from a published paper with the following

citation:

Bhounsule, P. A. and Zamani, A.: A discrete control lyapunov function for exponential

orbital stabilization of the simplest walker. Journal of Mechanisms and Robotics, 9(5):051011,

2017.)

2.1 Introduction

Passive dynamic robots that walk downhill are highly energy-efficient because they rely only

on their mass distribution and geometry(McGeer, 1990; Owaki et al., 2010; Steinkamp, 2017).

These robots are gravity powered and do not use external control or power. Consequently, such

robots are highly energy-efficient. But no control means that these robots cannot correct their

motion when disturbed, thus they fall down due to even the slightest disturbance (Schwab and

Wisse, 2001; Hobbelen and Wisse, 2007a). The lack of stability limits the practical use of such

robots.

The compass gait model is a well studied model of walking (Goswami et al., 1998). The

model consists of a point mass torso and two legs connected to each other by a pin joint. One

6
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leg pivots about the ground while the other leg, actuated by a hip actuator, swings about the

grounded leg. The legs exchange their roles after the swinging leg contacts the ground. The

model is challenging to control because of non-linearity and under-actuation (more degrees of

freedom than actuators). Iida et al. (Iida and Tedrake, 2010) controlled the compass gait model

by creating an open-loop hip actuator profile that effectively “phase locks” the swing leg to the

gait cycle. Manchester et al. (Manchester et al., 2011) used a closed-loop controller in which

the swing leg is coupled to the motion of the stance leg using a high gain feedback controller. In

this chapter, we consider the simplest walking model, which is a special case of the compass gait

model: the ratio of the leg to torso mass is zero. This feature decouples the swing leg from the

stance leg. Consequently the hip actuator is not able to influence the motion of the stance leg

in the swing phase of motion (that is, the system cannot be stabilized). Thus, a controller that

does step-to-step or orbital stabilization (as opposed to local stabilization) is more appropriate

for this model. Here, the hip actuator controls the step length in order to modulate the stance

leg velocity between successive steps.

We develop a stabilizing controller using an orbital control Lyapunov function (OCLF). The

Lyapunov function is chosen at the Poincaré section at mid-stance. The mid-stance is defined

as the position when the stance leg (grounded leg) is normal to the ramp. Next, a control law

is chosen that results in exponential stabilization of the system between steps at the Poincaré

section. The key idea is to use the actuated degree of freedom (the swing leg) to control the

un-actuated degree of freedom (the stance leg) between steps. Although the continuous control

Lyapunov function (CCLF) (Ames et al., 2014) has been used for gait stabilization, the use of



8

OCLF is novel in this area. The major difference between the two is that OCLF does orbital or

step-to-step stabilization while CCLF does local stabilization (see Dingwell and Kang (Dingwell

and Kang, 2007) for difference between orbital and local stabilization).

The organization of the chapter is as follows. The background and related work is presented

in Section 2.2. The details about the simplest model including equations of motion are discussed

in Section 2.3. The details about the OCLF technique are provided in Section 2.4. The results

and the discussion are in Sections 2.5 and 2.6, respectively.

2.2 Background and Related Work

There are broadly two notations of bipedal robot stability: (1) stability is the ability to not

fall down, and (2) stability is the ability to follow a given reference trajectory. Next, we discuss

some metrics associated with these notions of stability.

Viability, mean first-passage time, and gait sensitivity norm are some metrics that quantify

the robots ability to not fall down. Viability is the set of all states from which the robot can

avoid falling down (Wieber, 2008). This is a computationally expensive metric to compute and

almost intractable for high dimensional systems. The mean first-passage time is the number

of steps the robot can take before falling down (Byl and Tedrake, 2009). This definition is a

probabilistic one and is evaluated by simulating the robot in a variety of different disturbances

conditions and tends to be computationally expensive as the system dimension increases. The

gait sensitivity norm (GSN) is the two norm of the ratio of a gait indicator (e.g., step time,

velocity) to a disturbance (e.g., terrain height, push) (Hobbelen and Wisse, 2007a). This is easy
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to compute but is sensitive to the choice of a good gait indicator that correlates with falling.

Moreover, as GSN is based on linearization, it works well only for small disturbances.

Basin of attraction, the largest eigenvalue of the limit cycle, and Lyapunov function are

some metrics that quantify the robots ability to follow a given reference trajectory. The basin

of attraction is the set of all initial states that will converge to the given reference trajectory

(Schwab and Wisse, 2001; Strogatz, 1994). This measure is computationally expensive even for

the simplest system. The magnitude of the largest eigenvalue of the Poincaré map indicates

how fast a perturbation in the state would converge back to the reference trajectory (McGeer,

1990). The closer the value is to zero, the faster will be the convergence, while values greater

than 1 will diverge and lead to instability. This is a computationally simple measure but is only

valid for small perturbations. A Lyapunov function is a positive definite function whose time

derivative along any state trajectory of system decreases with time. It is non-trivial to find a

Lyapunov function but the recent use of sum of squares optimization provides a generalizable

numerical technique (Tedrake et al., 2010). The issue with all these metrics is that they are

used to check stability after the controller has been designed.

The eigenvalues of the Poincaré map can be controlled using feedback. We call this controller

as an eigenvalue-based controller. The key idea is to linearize the Poincaré map with respect to

the state and suitable control action (e.g., step length, push-off). Then pole placement is used

to set the eigenvalues of the linearized equation. For example, McGeer (McGeer, 1993) used

the instantaneous push-off as the control action to stabilize a 2D model while Kuo (Kuo, 1999)
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Figure 1: Difference between continuous and orbital control Lyapunov function methodolo-
gies: (a) Continuous control Lyapunov function (CCLF) constructs a controller that keeps the
trajectory within a tube along the trajectory. (b) Orbital control Lyapunov function (OCLF)
constructs controller that keeps the trajectory in the basin of attraction only at the Poincaré
section.

used lateral foot placement to control lateral stability of a 3D model of walking. We describe

the eigenvalue-based controller in section 2.4.5 and also compare it with our controller.

The control Lyapunov function provides a generalizable method to design a stable control

law (Slotine et al., 1991). For example, Ames et al. (Ames et al., 2014) used continuous-time

control Lyapunov functions (CCLF) to guarantee exponential stabilization of the hybrid zero

dynamics of the system. A conceptualization of their methodology is shown in Figure 1(a). The

thick black line shows the reference trajectory and the thin red line shows a perturbed trajectory.

While the CCLF is chosen to keep the trajectory within the gray tube, the discontinuous foot-

strike event at the section shown by blue rectangle, tends to push the system out of the gray
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tube. However, by choosing suitable tuning parameters, it is possible to keep the perturbed

trajectory within the gray tube in spite of the discontinuous foot-strike event.

We take an alternate approach by using an orbital control Lyapunov function (OCLF).

This is shown in Figure 1(b). Here we try to keep the perturbed trajectory of the un-actuated

degree of freedom (e.g., stance leg of bipedal robot) within the gray region only at the Poincaré

section. This is done by using the actuated degrees of freedom, that are fully controllable

in a step, to affect the un-actuated degree of freedom over a complete step (e.g., using foot

placement). In this view, OCLF does not think of the foot-strike event as a disturbance, but

rather an essential quantity to modulate the un-actuated degree of freedom. Another difference

is that OCLF provides exponential orbital stability while CCLF can only provide asymptotic

orbital stability, although CCLF is able to provide exponential stabilization of the hybrid zero

dynamics.

In this chapter, we illustrate an application of OCLF using the simplest walking model

(Garcia et al., 1998), but with the addition of an actuator between the two legs. The system

is nonlinear and under-actuated. Since the point mass torso is heavy compared to the legs,

the swing leg motion cannot affect the stance leg motion in the swing phase, and the system is

thus decoupled. However, the swing leg (actuated degree of freedom) motion can influence the

stance leg (un-actuated degree of freedom) motion by appropriate foot-placement (e.g., big step

reduces the stance leg velocity (Bhounsule, 2015)), which is exploited in the OCLF approach.
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2.3 Model

2.3.1 Model description

Figure 2 shows a cartoon of the simplest walker (Garcia et al., 1998). The model has mass

M at the hip and point mass m at each of the feet. Each leg has length `. Gravity g points

downwards. The leg in contact with the ramp is called the stance leg while the other leg is

called the swing leg. The angle made by the stance leg with the normal to the ramp is θ and

the angle made by the swing leg with the stance leg is φ. The hip torque is τ and the ramp

slope is γ.

A single step of the walker is given below:

mid-stance︷︸︸︷−→ Single Stance

collision︷︸︸︷−→ Foot-strike→ Single Stance︸ ︷︷ ︸
single step

mid-stance︷︸︸︷−→ (2.1)

A single step consists of two phases; a single stance phase where the swing leg pivots about

a stationary stance foot and foot-strike phase where there is support transfer and the legs

exchange their roles. These phases are connected through two switching events; a mid-stance

event where the stance leg is normal to the ramp and a collision phase where the leading leg

touches the ground. Note that we have chosen a single step to start and end at mid-stance

unlike the usual convention of using the instant just after foot-strike. The use of mid-stance as

opposed to foot-strike for the Poincaré section will become clear in the section on Methods (see

Sec. 6.4). Next, we describe the equations that describe the phases and events.
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Figure 2: Model: The simplest slope walking model analyzed by Garcia et al. (Garcia et al.,
1998).

2.3.1.1 Mid-stance event:

The mid-stance event is the logical condition that indicates the stance leg is normal to the

ramp and is given by

θ = 0. (2.2)

2.3.1.2 Single stance phase (continuous dynamics):

In this phase of motion, the stance leg pivots and rotates about the stance foot contact

point while the swing leg pivots and rotates about the hinge connecting the two legs. Our

assumptions are: the stance foot does not slip (infinite friction between stance foot and the

ground), there is no hip hinge friction, and foot scuffing is ignored. We obtain Equation 2.3

and Equation 2.4 defined below by taking moments about the stance foot contact point and hip



14

hinge respectively, and non-dimensionalizing time with
√
`/g and applying the limit, m/M → 0.

In (Equation 2.4), τ is the non-dimensional torque obtained by dividing the dimensional torque

by Mg`. The equations are:

θ̈ = sin(θ − γ), (2.3)

φ̈ = sin(θ − γ) + {θ̇2 − cos(θ − γ)} sin(φ) + τ. (2.4)

2.3.1.3 Collision event:

The collision event is the logical condition that indicates the leading leg is about to make

contact with the ground. We introduce a step down of height h at the collision. This is taken to

be zero, except for testing the robustness of the control approach. The collision event is given

by

cos(φ− θ)− cos(θ) = h. (2.5)

2.3.1.4 Foot-strike phase (discontinuous dynamics):

In this phase of motion, the legs exchange their roles, that is, the current swing leg be-

comes the new stance leg and the current stance leg becomes the new swing leg. There is an

instantaneous plastic collision (no slip and no bounce) of the swing leg. The swapping of legs

is expressed by Equation 2.6 and Equation 2.7. The angular rates of the legs after support

exchange are given by Equation 2.8 and Equation 2.9 and are obtained by applying conserva-
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tion of angular momentum about stance foot contact point and hip hinge respectively, followed

by non-dimensionalizing time with
√
`/g and applying the limit, m/M → 0. In the algebraic

equations below, the state variables before and after collision are denoted using the superscript

− and + respectively.

θ+ = θ− − φ−, (2.6)

φ+ = −φ−, (2.7)

θ̇+ = θ̇− cosφ−, (2.8)

φ̇+ = θ̇− cosφ−(1− cosφ−). (2.9)

2.3.2 Failure modes:

There are two failure modes for the simplest walker and they are described below. These

lead to two conditions on the state of the system and are checked at each integration step.

Violation of any of these conditions is interpreted as system failure.

1. Falling Backwards: Falling backwards is detected when the angular velocity of the stance

leg is positive (note that forward velocity is indicated by a negative angular velocity).

Thus the condition for failure is: θ̇ ≥ 0.

2. Flight phase: Flight phase is detected when the vertical ground reaction force, Ry =

cos(θ − γ)− θ̇2 ≤ 0. Thus the condition for failure is:

θ̇2 − cos(θ − γ) ≥ 0 (2.10)
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2.4 Methods

2.4.1 Overview of control technique

From the single stance phase Equation 2.3 and Equation 2.4, we see that: (1) the hip torque

can be used to control the swing leg and (2) the motion of the swing leg does not affect the

motion of the stance leg. Thus, by the controllability definition (Antsaklis and Michel, 2006),

although the swing leg motion, φ(t), is fully controllable, the motion of the stance leg, θ(t), is

not controllable within a step. However, we can find a function, F , that maps the mid-stance

between consecutive steps and is indexed by step number, k. Thus

θ̇k+1 = F (θ̇k, φ
−) (2.11)

where φ− is swing leg angle at foot-strike and is related to the step length. Given the measure-

ment at step k, θ̇k, the hip torque can be used to modulate φ− to control θ̇k+1. Thus, the stance

leg is fully controllable between steps. Based on these observations, we use a hierarchical control

approach: the stance leg velocity is controlled between steps using foot placement obtained from

OCLF, while the swing leg is controlled using a trajectory tracking controller based on the foot

placement angle.

2.4.2 Mid-stance to mid-stance map for stance leg:

In this section we present equations that can be used to numerically solve for the mid-stance

to mid-stance map, F , given by Equation 2.11.
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We do an energy balance for the stance leg between the mid-stance and the instant just

before foot-strike and then again from just after foot-strike to the next mid-stance to get

Equation 2.12 and Equation 2.13 respectively

(θ̇k)
2

2
+ cos γ =

(θ̇−)2

2
+ cos

(
φ−

2
− γ
)
, (2.12)

(θ̇k+1)2

2
+ cos γ =

(θ̇+)2

2
+ cos

(
φ+

2
− γ
)
,

=
(θ̇− cosφ−)2

2
+ cos

(
φ−

2
+ γ

)
. (2.13)

To get the Equation 2.13 we have used the foot-strike conditions given by Equation 2.7 and

Equation 2.8. We have also assumed that controller is not going to be aware of the step down

disturbance, so we set h = 0 (see Equation 2.5). This leads to the condition φ− = 2θ− and is

used to write the cos expression on the right side of Equation 2.13 in terms of φ−.

2.4.3 Orbital control lyapunov function (OCLF)

OCLF was explained in the last paragraph of section 2.2 and illustrated in Figure 1. We

provide mathematical details next.

First, we need a period-one limit cycle so that we are able to construct an OCLF to stabilize

it. A period-one limit cycle is specified by setting θ̇k+1 = θ̇k = θ̇0 in Equation 2.11 and solving

for φ− = φ0 to get the following

θ̇0 = F (θ̇0, φ0) (2.14)
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Second, we define the OCLF as follows

V (∆θ̇k) = ∆θ̇2
k = (θ̇k − θ̇0)2, (2.15)

where V (0) = 0 and V (∆θ̇k) > 0 at the mid-stance event, θ = 0. For the system to be

asymptotically stable, the following condition needs to be satisfied

V (∆θ̇k+1)− V (∆θ̇k) = (θ̇k+1 − θ̇0)2 − (θ̇k − θ̇0)2 < 0 (2.16)

However, we are interested in exponential stability so we set the following condition

V (∆θ̇k+1)− V (∆θ̇k) = −cV (∆θ̇k), (2.17)

where c is a user chosen positive constant such that, 0 < c < 1. Thus the condition for

exponential stability can be written as

∆θ̇2
k+1 − (1− c)∆θ̇2

k = 0

=⇒
(
F (θ̇k, φ

−)− θ̇0

)2
− (1− c)

(
θ̇k − θ̇0

)2
= 0. (2.18)

The stance leg velocity at mid-stance, θ̇k, is measured and for given c and θ̇0, the swing leg

angle just before foot-strike, φ−, is solved using the above equation. The choice of c determines
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the rate of decay of a perturbation in the mid-stance velocity; a larger value of c indicates faster

convergence. When c = 1 there is full correction of disturbances in a single step, also known

as one-step dead-beat control (Antsaklis and Michel, 2006). Dead-beat control gives the fastest

convergence, “dead-beat” convergence (Gauthier and Boulet, 2005).

Third, we need to define a controller for the hip torque based on the computed swing leg

angle at foot-strike. We use 2 third-order, time-based trajectories for the swing leg; one for

the instant from mid-stance to foot-strike and another one from instant after foot-strike to

mid-stance. Each of the third order polynomials has four coefficients that are computed based

on the initial and final values of the position and velocity which are completely known. One

also needs the time from mid-stance to instant just before foot-strike (T mid-fs) and from instant

after foot-strike to mid-stance (T fs-mid). These can be computed as follows

T mid-fs =

∫ θ=0

θ=
φ−

2

dθ√
(θ̇k)2 + 2(cos γ − cos(θ − γ))

(2.19)

T fs-mid =

∫ θ=
φ−

2

0

dθ√
(θ̇+)2 + 2(cos(

φ−

2
− γ)− cos(θ − γ))

(2.20)

The time-based trajectory is open-loop but we have a proportional derivative controller on the

position at the end of the time-based trajectory. The controller comes into effect only when

the time from mid-stance to foot-strike is greater than the predicted time using Equation 2.19

(e.g., during a step-down disturbance).
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2.4.4 Why use mid-stance position for Poincaré map?

We use mid-stance position, defined as θ = 0, for the Poincaré section. In general, any

section such as θ = constant will work just as well. This particular choice of Poincaré section

enables us to choose V to be a function of only the stance leg velocity, (e.g., V (∆θ̇k) = ∆θ̇2
k).

This allows us to do a hierarchical control: the swing leg is controlled in the continuous sense

to affect the stance leg velocity in the orbital sense or between steps. On the other hand,

a section before or after foot-strike would be a function of stance leg and swing leg angle,

cos(φ − θ) − cos(θ) = 0. In this case, V needs to be a function of stance leg and swing leg

position and velocity, that is, V (∆θk,∆θ̇k,∆φk,∆φ̇k). This complicates the controller design.

Moreover, in a practical sense, the instant just before or after foot-strike is most prone to

modeling errors (e.g., mis-estimation of ground height) and noise (e.g., two sensors, stance and

swing leg angles, are needed and each of them would have their own noise levels). Perhaps the

best choice for the Poincaré section is the instant after foot-strike but following the decay of

vibrations due to foot-strike because that instant gives the swing leg the entire step for adjusting

the step length.

2.4.5 Eigenvalue-based controller

The eigenvalue-based controller imparts orbital stability in the linearized sense. The Poincaré

map is linearized based on the state and suitable control action. Then the eigenvalues are mod-

ulated/placed using the control action. We describe the mathematical details next.
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First, we linearize the Poincaré map given by Equation 3.9 about the passive limit cycle:

∆θ̇k+1 = A∆θ̇k +B∆φ−, (2.21)

where A =
∂θ̇k+1

∂θ̇k
and B =

∂θ̇k+1

∂φ−
.

Next, we assume a linear controller, ∆φ− = −K∆θ̇k and substitute it in Equation 2.21 to

obtain

∆θ̇k+1 − (A−BK)∆θ̇k = 0. (2.22)

Finally, we compare Equation 2.22 with Equation 2.18 to compute the gain K. We have

A−BK =
√

1− c =⇒ K =
A−
√

1− c
B

. (2.23)

This allows use to compare the OCLF controller with the eigenvalue-based controller in an

objective way. Note that A, B, and K are scalars in our problem and we have used the positive

root from Equation 2.18 (that is,
√

1− c) to ensure monotonic decay in the perturbed state,

∆θ̇k+1.

2.5 Results

All computations are done using MATLAB. We used ode113 for integrating the equations of

motion and fsolve to find the limit cycle. To find the passive limit cycle, we chose γ = 0.009 and
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set the controller off (τ = 0). Our passive limit cycle has the fixed point; θ0 = 0, θ̇0 = −0.0593,

φ0 = −0.0532, and φ̇0 = −0.3397. The swing leg position and velocity just before foot-strike

are; φ− = −0.4006 and φ̇− = 3.5 × 10−4 ∼ 0. We used central differencing with step size of

10−5 to compute A = 0.3711 and B = −0.4026. We also found the Jacobian of the Poincaré

section using central difference. The largest eigenvalue of the Jacobian is 0.5891, which is less

than 1, indicating that the passive limit cycle is stable

2.5.1 Stability

We use the basin of attraction metric to compare the stability of the uncontrolled case

(passive dynamic walking) with our control approach. The basin of attraction is defined as the

set of initial conditions that converge to the limit cycle as time goes to infinity (Strogatz, 1994).

To compute the basin of attraction we proceed as follows. We perturb the mid-stance velocity

from its nominal value and do forward simulations of the walker for 50 steps. We find the upper

and lower limits of the mid-stance velocity that allows the walker to complete 50 steps without

falling down. The limits give the boundary of the basin of attraction. Note that 50 steps are

large enough to be able to see the effect of the perturbation but small enough that we are able

to obtain results in a short period of time. We repeat the above procedure for different ramp

slopes and with and without control.

Figure 3 shows the basin of attraction for the simplest walker with and without control as

a function of ramp slope. The white region shows the basin of attraction for the passive or

uncontrolled case. The gray region (including the white region) shows the basin of attraction for

three values of c. The basin of attraction is substantially improved using our control approach.
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We compute the area of the basin of attraction for the uncontrolled case and the three control

cases with different c values using numerical quadrature. Then we find the ratio of areas for

a specific c value to the uncontrolled case. We found ratios of 19.56, 18.60, 16.4 for c = 0.25,

c = 0.5, c = 1 respectively. This indicates that our controller was able to increase the region

of attraction by an order of magnitude. Further, we note that c = 1 has the smallest basin of

attraction and this increases as c decreases. This can be explained as follows: A larger c value

corresponds to a faster convergence to the limit cycle. For example, when c = 1, the convergence

is in a single step. This is achieved by taking a bigger than nominal step as reduction in velocity

between steps is directly proportional to the step length (Bhounsule, 2015; Ruina et al., 2005).

But a bigger step will lead to flight phase at a lower velocity (see Equation 2.10). As c decreases,

the controller chooses shorter steps, leading to higher velocities for flight phase. Consequently,

as c decreases, the basin of attraction increases.

Next, we demonstrate the exponential stabilization provided by the OCLF. We perturb the

mid-stance velocity to θ̇k = −0.5 at a slope of γ = 0.009 and plot the mid-stance velocity as

a function of step number to obtain Figure 4. For 0 < c < 1 there is exponential stabilization

(dashed and dash-dot lines) and a larger value of c gives faster convergence to the nominal mid-

stance velocity. However, c = 1 (dotted line) leads to the condition θ̇k+1 = θ̇0 (see Equation 2.15

and Equation 2.17) or a “dead-beat” convergence in a single step. This is faster than exponential

convergence.
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for c = 1 for state perturbation θ̇ = −0.5 for γ = 0.009.

2.5.2 Robustness

We evaluate robustness by computing the average number of steps that the controller can

withstand without the flight phase or falling backward on uneven terrain chosen from a random

distribution with maximum height of σ (Byl and Tedrake, 2009). Note that σ can be interpreted

as a maximum step down normalized against the leg length. We create 10 terrains with 400

steps each, selected from a random distribution with maximum height σ. For each terrain, we

do forward simulations of the system for a given value of c. We evaluate the average number

of steps and average energy used per step for the 10 terrains for different values of σ and c.
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Figure 5(a) shows results for robustness as a function of σ for different values of c for a

slope of γ = 0.009. The average number of steps is infinity for σ = 0 which corresponds to

no disturbance. As σ increases, the average number of steps decreases steadily as shown in

the figure. The average number of steps to failure is almost the same for each value of c. The

average number of steps to failure is 393 at σ = 0.005 and decreases to 40 at σ = 0.05. We

found that for very low values of c, 0 < c ≤ 0.005, the robustness dropped appreciably with

increase in step height. We also did the robustness test without any control. We observed that

the average number of steps to failure is 4 at σ = 0.005 and 0 at σ = 0.05.

Figure 5(b) demonstrates the average energy used per step as a function of σ. We obtain

the energy usage by integrating the absolute value of mechanical work done by the hip actuator

as the robot walks on the terrain and dividing it by the total number of successful steps. For

a given controller specified by c, the average energy per step increases with σ. This is because

a larger σ leads to a larger deviation from the limit cycle and consequently more energy is

needed to get back to the nominal trajectory. For a given σ, the average energy per step is the

lowest for c = 1 and increases as c decreases. This can be explained as follows: larger value of

c implies a faster convergence to the limit cycle and hence lower energy usage since the limit

cycle is passive (energy usage of zero).

Figure 5(c) illustrates the average step length, the control strategy, as a function of σ.

Each data point for a particular σ and c was obtained by averaging the step length for the

10 simulation runs. For a given maximum step down, σ, the largest average step length is

for c = 1 and decreases as c decreases. This is because larger c values correspond a greater
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decrease of the OCLF, which is possible by taking a bigger step length. Also, the average step

length increases as the step down, σ, increases. Since a larger step down leads to a larger

deviated mid-stance velocity, the average step length needs to consequently increase to regulate

the mid-stance velocity at the subsequent step.

Finally, Figure 5(d) depicts the maximum torque needed as a function of σ. This was

obtained by searching for maximum torque across the 10 simulations runs for a given σ. The

maximum torque is almost the same for c = 0.5 and c = 1 but is greater for c = 0.25 for a given

σ. This indicates that low values of c require more torque, consequently, a larger actuator for

stabilization. The maximum torque increases as the maximum step down increases for a given

c because bigger step down requires bigger step length and hence, higher torque.

Figure 6 compares the sensitivity of the OCLF controller to modeling errors. To generate

these simulations, we provided the OCLF controller with a slope of γ = 0.01, which is 10%

greater than the actual value of γ = 0.009, a modeling error. The robustness measured by the

average number of steps to failure for c = 0.25 and c = 0.5 is virtually unchanged (compare

Figure 5(a) with Figure 6(a)). However, the robustness decreases substantially for c = 1. This

can be explained as follows: a larger than actual γ in the model, leads to a bigger step and to a

greater energy lose during collision, and consequently the model falls backwards. The average

number of steps walked before failure for c = 1 is about 9 at σ = 0.005 and it increases to about

40 at σ = 0.025. This is because an increase in step down disturbance nullifies the effect of this

particular modeling error: bigger than actual γ in the model leads to a bigger than the actual

step but this regulates the walking speed better as the step down disturbance is increased.
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Figure 6(b) shows that c = 1 is more energy-efficient, followed by c = 0.5 and c = 0.25. The

maximum torques for c = 1 and c = 0.5 are the same while those for c = 0.25 are much higher.
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Figure 7 compares the OCLF controller with the eigenvalue-based controller for c = 0.9,

which corresponds to an eigenvalue of 0.32. Figure 7(a) demonstrates that both the controllers

have similar robustness. However, the OCLF controller is more energy-efficient (see Figure 7(b))

and requires a lower maximum torque Figure 7(d). The main difference between the two

controllers is that eigenvalue-based controller uses a linearization while OCLF is based on the

actual model, which is non-linear. In this case, the linearization leads the eigenvalue-based

controller to over correct by taking longer than ideal steps as shown in Figure 7(c).

2.6 Discussion

We have presented the orbital control Lyapunov function (OCLF) to exponentially stabilize

the simplest walking model with a hip actuator. Our control approach is able to enlarge the

basin of attraction by an order of magnitude and increase the average number of steps to

failure by two orders of magnitude over the passive dynamic walking. We compared the OCLF

controller with a one-step dead-beat controller and eigenvalue-based controller. We found that

all three controllers had similar robustness. However, the dead-beat controller was the most

energy-efficient and required lower maximum torque followed by the OCLF controller and finally

the eigenvalue-based controller.

Theoretically, one-step dead-beat stabilization is better than exponential stabilization in

terms of convergence rate and final value achieved. While one-step dead-beat stabilization

converges fully to the nominal value in a single step, there will always be some finite (usually

very small) error between the actual and nominal state for exponential stabilization. Also, the
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one-step dead-beat stabilization leads to lower energy usage and lower maximum torque than

exponential stabilization suggesting its superior performance. However, the robustness of the

one-step dead-beat stabilization reduces quickly in the presence of modeling errors. Thus, in

practice, an exponential stabilized controller is preferred.

The most common stability metric used in legged locomotion is the maximum eigenvalue of

Jacobian of the Poincaré map (McGeer, 1990). This is a linear stability measure that holds true

for small state perturbations only. On the other hand, our measure is a non-linear measure that

works for large state perturbations. Some authors have optimized the maximum eigenvalues

to create stable walking gaits (Mombaur et al., 2005; Chevallereau et al., 2009). The issue

with this approach is that the maximum eigenvalue sometimes is a non-smooth function of

the robot and control parameters (Goswami et al., 1998), which will lead to numerical issues

when used in conjunction with gradient-based optimization methods. In contrast, our stability

measure is a function of the velocity of the under-actuated degree of freedom only. Although

velocity is discontinuous at foot-strike, the optimization can be made smooth by using multiple

shooting method (Betts, 1998). This makes it possible to apply gradient-based methods which

lead to faster convergence to the optimal solution for smooth problems. Note that multiple

shooting method allows one to handle discontinuities in the physics of the problem (e.g., due

to foot-strike), and not in the control parameters.

The eigenvalues of the Jacobian of the Poincaré map can be manipulated using a feedback

controller as was done in this chapter. We used pole placement to place the eigenvalues but

one can also use a discrete linear quadratic regulator, DLQR (e.g., (Bhounsule et al., 2015)).
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In the feedback approach, eigenvalues of the closed-loop system are manipulated using pole

placement or DLQR while in the optimization approach discussed in the previous paragraph,

the eigenvalues of the open-loop system are modified. The feedback control method does not

require smoothness of the eigenvalues and is computationally faster than the optimization-based

method. However, since the the eigenvalue-based feedback controller is based on linearization

of the system, it usually performs poorly in the presence of large perturbations (disturbances,

sensor noise, and modeling errors) as we have seen in this chapter.

One advantage of the OCLF is that we are able to construct a controller for a given stability

bound during the design phase. This is in contrast to the more common approach of checking

stability after control design has taken place, which is time consuming and provides limited

stability guarantees. Specifically, in our approach Equation 2.17 gives the stability condition

and can be incorporated easily into the control design framework (e.g., optimization). One can

incorporate stability in the controller design by maximizing the mean first-passage time using a

stochastic optimization (Byl and Tedrake, 2009). Another approach is to find a heuristic control

strategy that imparts gait stability such as swing leg retraction (swing leg moves backwards

just before foot-strike) (Wisse et al., 2005). But recent results have shown that under certain

conditions (big slopes and dead-beat stabilization), swing-leg protraction can also impart gait

stability (Bhounsule and Zamani, 2017).

The OCLF approach uses a single measurement, the stance leg velocity at mid-stance,

to adjust the foot step location. A practical way to achieve this would be to place an inertial

measurement unit (IMU) on the torso. The IMU serves two purposes: one, it detects mid-stance
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event using the accelerometer; and two, the forward velocity using the gyroscope. Another

feature of OCLF is that it is predictive, that is, the control technique is able to calculate the

desired foot placement at mid-step, giving ample time for the hip actuator to perform the

required control action.



CHAPTER 3

INVESTIGATING THE ROLE OF FOOT PLACEMENT AND PUSH-OFF

CONTROL IN ORBITAL STABILIZATION OF BIPEDAL ROBOTS

(A significant portion of this chapter is reproduced from a published paper with the following

citation:

Zamani, A. and Bhounsule, P. A.: Foot placement and ankle push-off control for the orbital

stabilization of bipedal robots. In 2017 IEEE International Conference on Intelligent Robots

and Systems (IROS), 2017.)

3.1 Introduction

Dynamic walking robots rely mainly on foot placement control (stepping in the direction

of fall) for orbital or step-to-step stability to achieve natural-looking locomotion. However,

push-off control (regulating the ankle motion before or after foot-strike) has also emerged as

a promising alternative for balance control of dynamic locomotion. Understanding the role

of these two strategies for gait stabilization is expected to help in the development of robust

dynamic walking robots. In this chapter, we investigate the role of foot placement control and

ankle push-off control in gait stabilization of a dynamic walking model by considering uneven

terrain and two notions of stability — one-step dead-beat stabilization and exponential orbital

stabilization.

35
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3.2 Background and Related Work

Foot placement control was used as early as the 1980’s by Marc Raibert to regulate the

forward speed of his dynamically balancing hopping robots (Raibert, 1986). He defined the

horizontal travel distance of the robot as the CG print. The normal, symmetric gait is created

by placing the foot in the middle of the CG print. To increase robot speed, it needs to place

its foot slightly before the middle of the CG print and vice versa to decrease its speed. More

recently, Pratt et. al. (Pratt et al., 2006) formalized foot placement control by defining the

capture point. Capture point is the location that the robot needs to place its foot in order to

come to a complete stop when pushed. It is straightforward to extend this idea to generate and

control steady locomotion.

Push-off control was first shown to explain the energetics of human locomotion by Kuo (Kuo,

2002). He showed that ankle push-off just before foot-strike is four times energy-efficient than

push-off after foot-strike or hip actuation. Consequently, several dynamically balanced legged

robots have used push-off control as means to create energy-efficient walking motions(Collins

and Ruina, 2005; Bhounsule et al., 2014). Hobbelen and Wisse (Hobbelen and Wisse, 2008)

have shown that ankle push-off is also able to improve the robustness while maintaining the

energy-efficiency.

Goswami et al. (Goswami et al., 1997) and Spong (Spong, 1999) have investigated the role

of ankle torque and hip torque individually in stabilizing the compass gait model. The key

idea is to use either actuator to track a reference energy level obtained from a passive dynamic

limit cycle (Goswami et al., 1998), but they have not compared the two control strategies. Byl
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and Tedrake (Byl and Tedrake, 2008) compared the performance of foot placement with push-

off. They used the value iteration algorithm to find one-step control policy that maximizes

probability of not falling on rough but ‘known’ terrain. They found that constant push-off

control and adjustable foot placement leads to the most robust controller. Our study differs

from theirs in that we assume the terrain profile is unknown.

More recently, a study by Kim and Collins (Kim and Collins, 2017) investigated the role

of foot placement and ankle push-off using a three-dimensional model of human walking with

single and double support phase. They found that ankle push-off control is twice as effective

as foot placement control to recover from disturbances for changing terrain with step up and

step down. Our study investigates the role of two strategies with a simple sagittal model and

using two different stability criteria: one-step stabilization and exponential stabilization. Our

motivation is to check if Kim and Collins’ conclusions hold true for different stability measures

and for different perturbations, namely step up and step down considered separately. In doing

so, we are able to find which strategy works best for a given terrain disturbance and determine

how the stability criteria influence the robustness and energy usage. These principles should

aid in making design choices and controller design for bipedal robots and artificial devices.

3.3 Model

3.3.1 Model description

Figure 8 shows a model of the biped. The model has a mass M at the hip and point mass

m at each of the feet. Each leg has length `. Gravity g points downwards. The leg in contact
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with the ground is called the stance leg while the other leg is called the swing leg. The angle

made by the stance leg with the normal to the ground is θ and the angle made by the swing leg

with the stance leg is φ. The hip torque is T . There is a torsional spring with spring constant

K between the two legs (not shown). The rest length of the spring is zero and corresponds to

the position when both legs are parallel. There is a linear actuator which is used to apply an

impulsive push-off, P , just before foot-strike.

A complete walking step of the model is similar to that of the simplest walker defined by

Equation 2.1.

3.3.2 Equations of motion

3.3.2.1 Single stance phase (continuous dynamics)

Similar to section 2.3.1.2, we obtain Equation 3.1 and Equation 3.2 defined below by taking

moments about stance foot contact point and hip hinge respectively, and non-dimensionalizing

φ
θ

M

l

m m

g T

Figure 8: Model: The simplest walking model on level ground (Kuo, 2002).
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time with
√
`/g and applying the limit, m/M → 0. In Equation 3.2, τ is the non-dimensional

torque obtained by dividing the torque, T , by Mg`. The non-dimensional spring constant is k

and is obtained by dividing K by Mg`. The equations are;

θ̈ = sin(θ), (3.1)

φ̈ = sin(θ) + {θ̇2 − cos(θ)} sin(φ)− kφ+ τ. (3.2)

3.3.2.2 Foot-strike phase (discontinuous dynamics)

Similar to section 2.3.1.4, in this phase of motion, the legs exchange their roles. The

swapping of legs is expressed by Equation 3.3 and Equation 3.4. The angular rates of the legs

after support exchange are given by Equation 3.5 and Equation 3.6. In the equations below, the

state variables before and after collision are denoted using the superscript − and + respectively.

θ+ = −θ−, (3.3)

φ+ = −φ−, (3.4)

θ̇+ = θ̇− cosφ− + P sinφ−, (3.5)

φ̇+ = (1− cosφ−)(P sinφ− + θ̇− cosφ−). (3.6)
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3.3.2.3 Mid-stance event

The mid-stance event occurs when the stance leg is normal to the ground and is given by,

θ = 0. (3.7)

3.3.2.4 Collision event

Similar to section 2.3.1.3, the collision event is given by,

cos(φ− − θ−)− cos(θ−) = h. (3.8)

3.3.2.5 Failure modes

The failure modes for the walker are similar to those of the simplest walker described in

section 2.3.2.

3.4 Methods

3.4.1 Overview of control technique

From Equation 3.1 and Equation 3.2, we observe that: (1) the swing leg can be controlled

by the hip torque and (2) the motion of the stance leg is independent of the motion of the
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swing leg. We can find a function, F , that maps the mid-stance between consecutive steps and

is indexed by step number, k. Thus

θ̇k+1 = F (θ̇k, Pk, φ
−
k ) (3.9)

where φ−k is swing leg angle at foot-strike at step k and is related to the step length, and Pk

is impulsive push-off at step k. Given the measurement at step k, θ̇k, the control variables, φ−k

and Pk, can be used to modulate θ̇k+1.

3.4.2 Mid-stance to mid-stance map for stance leg:

Doing an energy balance for the stance leg between the mid-stance and the instant just

before foot-strike and then again from just after foot-strike to the next mid-stance leads to

Equation 3.10 and Equation 3.11 respectively

(θ̇k)
2

2
+ 1 =

(θ̇−)2

2
+ cos

(
φ−

2

)
, (3.10)

(θ̇k+1)2

2
+ 1 =

(θ̇+)2

2
+ cos

(
φ+

2

)
, (3.11)

=
(θ̇− cosφ− + P sinφ−)2

2
+ cos

(
φ−

2

)
.

To get the Equation 3.11, we assumed that the controller unaware of the step up/down distur-

bance, so we set h = 0.
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3.4.3 OCLF and one-step dead-beat control

We use the orbital control Lyapunov function (OCLF) developed in chapter 2 to create an

exponential stabilizing controller. The key idea is to create a control Lyapunov function at an

event (e.g., mid-stance) and use it to regulate the velocity of the stance leg at a predefined

convergence rate.

A nominal limit cycle is specified by setting θ̇k+1 = θ̇k = θ̇0, Pk = P0, and φ−k = φ−0 in

Equation 3.9 to get

θ̇0 = F (θ̇0, P0, φ
−
0 ) (3.12)

The OCLF is defined as follows

V (∆θ̇k) = ∆θ̇2
k = (θ̇k − θ̇0)2, (3.13)

The following condition is required to make the system exponentially stable

V (∆θ̇k+1)− V (∆θ̇k) = −cV (∆θ̇k), (3.14)

where c is a positive constant such that, 0 < c < 1 for exponential stabilization and c = 1 for

one-step dead-beat stabilization. Using Equation 3.13 in Equation 3.14 yields
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(
θ̇k+1 − θ̇0

)2
− (1− c)

(
θ̇k − θ̇0

)2
= 0. (3.15)

3.4.4 Two control techniques

3.4.4.1 Foot-placement control with fixed push-off

We use the foot-placement to control the stance leg velocity between consecutive steps by

fixing the impulsive push-off at P0. Thus Equation 3.9 can be written as

θ̇k+1 = F (θ̇k, P0, φ
−
k ) (3.16)

Substituting Equation 3.16 for θ̇k+1 in Equation 3.15 leads to the condition for exponential

stability

(
F (θ̇k, P0, φ

−
k )− θ̇0

)2
− (1− c)

(
θ̇k − θ̇0

)2
= 0. (3.17)

The stabilization problem for this case can be stated as follows: For the limit cycle parametrized

by the stance leg nominal velocity at mid-stance, θ̇0, a fixed rate of convergence specified by

c, the stance leg velocity measured at mid-stance θ̇k, and impulsive push-off maintained at its

nominal value, P0, find the foot-placement angle φ−k so that the Equation 3.17 is met.
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3.4.4.2 Push-off control with fixed foot placement

We use the impulsive push-off to control the stance leg velocity between consecutive steps

by fixing the foot-placement at φ−0 . Thus Equation 3.9 can be written as

θ̇k+1 = F (θ̇k, Pk, φ
−
0 ) (3.18)

Substituting Equation 3.18 for θ̇k+1 in Equation 3.15 leads to the condition for exponential

stability as

(
F (θ̇k, Pk, φ

−
0 )− θ̇0

)2
− (1− c)

(
θ̇k − θ̇0

)2
= 0. (3.19)

The stabilization problem for this case can be stated as follows: For the limit cycle parametrized

by the stance leg nominal velocity at mid-stance, θ̇0, a fixed rate of convergence specified by c,

the stance leg velocity measured at mid-stance θ̇k, and foot-placement angle maintained at its

nominal value φ−0 , find the control action Pk so that the Equation 3.19 is met.
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3.4.5 Hip torque control for foot placement

The controller for the hip torque is defined similar to the one described in section 2.4.3.

The time from mid-stance to instant just before foot-strike (T mid-fs) and from instant after

foot-strike to mid-stance (T fs-mid) are computed as follows

T mid-fs =

∫ θ=0

θ=
φ−

2

dθ√
(θ̇k)2 + 2(1− cos(θ))

T fs-mid =

∫ θ=
φ−

2

0

dθ√
(θ̇+)2 + 2(cos(

φ−

2
)− cos(θ))

The time-based trajectory is supplemented with a proportional derivative controller to ensure

good tracking performance.

3.5 Results

3.5.1 Nominal limit cycle

We choose average human walking kinematics to create the nominal limit cycle. The non-

dimensional average human speed is 0.41, step length is 0.73, and consequently the step time

is 1.78 (Bhounsule, 2014). The spring constant k is chosen to be 2.11 in order to correspond to

average human swing frequency. Next, we find the impulsive push-off and fixed point that give a

passive leg swing. The nominal limit cycle values are: mid-stance robot state, {θ0, θ̇0, φ0, φ̇0} =

{0,−0.3686, 0.0063,−1.2495}, impulsive push-off, P0 = 0.22, and foot placement angle, φ−0 =

−0.7802.
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3.5.2 Rate of convergence

To demonstrate the rate of convergence we perturb the mid-stance speed, θ̇k = −0.7. Then

we run the one-step dead-beat controller, c = 1, and OCLF controller for c = 0.25 and c = 0.5.

Figure 9 shows a plot of the mid-stance velocity as a function of the steps. As expected, the

one-step dead-beat controller is able to regulate the velocity in a single step while the OCLF

controller shows exponential convergence to the nominal limit cycle.
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Figure 9: Rate of stabilization: The convergence is exponential for 0 < c < 1 and “one-step
dead-beat” for c = 1.
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3.5.3 Robustness

3.5.3.1 Simulation details

In order to assess robustness of our controller, we compute the average number of steps that

the robot can withstand using either controllers, foot-placement control with fixed push-off and

push-off control with fixed foot placement, without falling down on uneven terrain chosen from

a random distribution with a deviation of σ. Note that σ can be interpreted as a maximum

step down (+σ) or step up (−σ ) normalized by the leg length. We create 10 terrains with 400

steps, selected from a random distribution with standard deviation of σ. For each terrain, we

do forward simulations of the system for three values of c. We evaluate the average number of

steps to failure; control inputs φ− and P ; and average Cost of Transport (COT) defined as the

energy used per unit weight per unit distance travelled.

3.5.3.2 Average number of steps to failure

Figure 10 shows the average number of steps walked before failure as a function of deviation

in terrain height σ for three values of c. The top plot corresponds to foot placement control, φ−,

with constant push-off, P0 (see section 3.4.4.1), while the bottom plot corresponds to push-off

control, P , with foot placement held constant, φ−0 (see section 3.4.4.2). Since we limited the

steps to 400 in the simulation, walking for 400 steps corresponds to maximum robustness. As σ

increases from 0 to 0.05 (step down) or decreases from 0 to −0.05 (step up), the average steps

to failure decreases as expected. The plots indicate the robustness is same for different c values

for step down but marginally better for higher c values for step up. The similar robustness for

different c values is because we did not enforce actuator limits. We expect that when actuator
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limits are enforced, more aggressive control (higher c values) will show lower robustness. The

average steps profile is not symmetric about the y-axis; the drop in average steps walked is more

gradual for step-down and more dramatic for step-up. This is due to the asymmetry in the

hip controller: during step down the model has enough time to complete the step as planned

but during step up the robot takes a shorter step because the robot takes a premature step

increasing the chance of failure.
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3.5.3.3 Control strategy

Figure 11 depicts the control strategy used for the robustness test shown in Figure 10. The

top plot shows the swing-leg angle at foot-strike for foot placement control strategy with push-

off held constant to its nominal value while the bottom plot shows the impulsive push-off for

push-off control strategy with swing-leg at foot-strike held constant at its nominal value.
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We explain these plots by looking at the response for c = 1 or one-step dead-beat control

(black diamond). For foot placement control, the swing leg angle changes from smaller than

nominal to larger than nominal as the terrain height changes from step up to step down. This

can be understood as follows. The model’s energy is lower than nominal for step up and higher

than nominal for step down. To regulate the energy for a fixed push-off, the swing leg angle

needs to monotonically increase. Indeed, energy loss at foot-strike is directly proportional to

foot placement angle (Ruina et al., 2005). However, for push-off control for c = 1, the push-off

is almost constant for step up and it decreases monotonically for step down. Since push-off

work is directly proportional to added energy, a decrease in the push-off allows the robot to

maintain its speed while walking down. Thus we would expect the push-off to increase for step

up but it remains constant. This is because the step up introduces an unexpected disturbance

and the model takes a short step which has the effect of supplying energy to the system (note

that foot placement angle is directly proportional to the energy loss).

The plots for c = 0.25 and c = 0.5 can be understood from the plot for c = 1. For example,

consider the foot placement control for step down (top-right figure). The swing-leg angle is

almost constant for c = 0.5 (blue squares) and decreasing for c = 0.25) (red circles). These

values of c require the robot to dissipate the excess energy gained through step down more

gradually than c = 1. The result for c = 0.5 is that the model needs to just maintain its

nominal swing leg angle and for c = 0.25 the model needs to decrease the swing leg angle in

order to dissipate the energy more slowly to satisfy the rate of convergence given by c = 0.25.
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3.5.3.4 Energy usage

Figure 12 and Figure 13 show the average Cost Of Transport defined as the energy used

per unit weight per unit distance traveled based on hip work and push-off work, respectively.

We used the absolute value of mechanical work for the energies for the hip and ankle COT.

Since the hip is massive and legs are light it is not meaningful to sum up the COT of hip and

push-off work.
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The COT for the hip work (Figure 12) increases as σ deviates from 0. Note that the COT

for hip work for σ = 0 is zero because the nominal limit cycle has a passive leg swing. The

increase in COT with σ on the top plot for foot placement is obvious; the swing-leg angle

needs to change for foot placement control, thus torque needs to be supplied and work needs

to be done. The increase in COT with σ on the bottom plot for push-off control for constant

swing-leg angle is slightly more subtle. When the model is subjected to varying terrain heights,

the speed changes but so does the time to foot-strike. The hip torque then needs to do work to

move the leg faster or slower as needed even though the final swing-leg angle is the same, thus

requiring more work.

The COT for push-off work (Figure 13) shows that in general, push-off COT decreases for

step down and increases for step up with some exceptions. For c = 0.25, step down, foot

placement control (top plot, right side, red circles), the COT for push-off increases. As noted

earlier, this is to regulate the energy decay at a slower rate than the natural decay rate. A

similar trend and reasoning apply for c = 0.25, step up, push-off control (bottom plot, right

side, red circles).

3.6 Discussion

We have presented an analysis of two disparate control strategies, foot placement and ankle

push-off, to regulate robot velocity between steps. We compared one-step dead-beat stabiliza-

tion with exponential stabilization. The approach was tested by doing a forward simulation



53

(a) Foot placement control
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Figure 13: Average COT for robustness test based on push-off work: (a) Foot placement control
(b) Push-off control.

with the terrain height changing monotonically, i.e., either step up or step down. Our findings

are as follows:

1. Average number of steps to failure is the same for both control strategies and stabilization

protocols. This is because of lack of actuator limits.
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2. In general, average number of steps walked for step down disturbance is more than that

for step up. This is because in our simulation, step up leads to premature stepping, thus

throwing off the planned foot placement location.

3. Control strategy for fast convergence to the nominal for step down is to increase the

foot placement angle or to decrease ankle push-off, while for step up is to decrease foot

placement or maintain same ankle push-off.

4. For both control strategies, the mechanical energy usage (as measured by COT) for ankle

push-off and foot placement is almost the same, except for c = 0.25 where hip COT for

push-off control is half of that of foot placement control for step down. However, ankle

COT for step down is less than step up while hip COT for step up is less than step down.

Thus energy-wise, foot placement control is ideal for step up and ankle push-off for step

down.

5. Overall, one-step dead-beat stabilization is more energy-efficient in terms of hip work and

ankle work than exponential stabilization.

We found that ankle push-off and foot placement have similar robustness as measured by

the steps to failure on changing terrain. This is in contrast to the work by Kim and Collins

(Kim and Collins, 2017) who found that push-off is at least twice as effective as foot placement.

We suspect that this is in part due to the fact that we have no actuator limits in our simulation

allowing the robot to do drastic corrections to regulate walking. Similarly we found that the

energy usage is similar for both control strategies except for slow convergence to the nominal
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limit cycle. However, it is more economical to use ankle push-off for step down and foot

placement for step up.

We also compared full stabilization of disturbances in a single step, also called one-step

dead-beat control (c = 1), with exponential stabilization of disturbances (0 < c < 1), and

found that although both have similar robustness as measured by average steps to failure, full

correction of disturbances is more energy-efficient. The latter is due to the fact that although

fast convergence to the nominal limit cycle is more expensive in the short-term (due to faster

control actions), it has long-term advantages of being on the energy-efficient nominal limit cycle.



CHAPTER 4

NONLINEAR CONTROL POLICIES USING DATA-DRIVEN

TECHNIQUES FOR ENLARGING REGION OF ATTRACTION OF

LIMIT CYCLE OF LEGGED ROBOTS

(A significant portion of this chapter is reproduced from two published papers with the

following citations:

Zamani, A. and Bhounsule, P. A. Control synergies for rapid sta- bilization and enlarged

region of attraction for a model of hopping. Biomimetics, 3(3):25, 2018.

Bhounsule, P. A., Zamani, A., Krause, J., Farra, S., and Pusey, J.: Control policies for a

large region of attraction for dynamically balancing legged robots: a sampling- based approach.

Robotica, pages 116, 2020.)

4.1 Introduction

Dynamically balancing legged robots are characterized by a small footprint and thus have to

constantly move to stay balanced. The most well-studied approach to controlling these robots is

to first find a periodic trajectory (Hobbelen and Wisse, 2007b), and second, develop a feedback

control policy to stabilize the periodic motion. Also, one may estimate the set of system states

that converge back to the periodic motion, known as the region of attraction (ROA), to provide

formal stability certificates.

56
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The conventional approach for finding the ROA of a periodic motion is shown in Figure 14

(a). Given a periodic motion, a linear control policy (e.g., linear quadratic regulator (Tedrake,

2009)) is used for stabilization. The use of a linear control policy allows one to use convex

optimization tools such as sum-of-squares optimization to find a Lyapunov function and the

corresponding ROA (Prajna et al., 2002). One issue with the approach is that a linear control

policy may be too restrictive and lead to a small region of attraction, this is especially true for

highly nonlinear systems.

We propose a different approach that involves inverting the conventional approach and is

shown in Figure 14 (b). We assume a candidate Lyapunov function and a ROA (typically a

big region) and then find a control policy (usually a non-linear one) by performing trajectory

optimization for sampled initial conditions. We demonstrate that a higher order polynomial or

a neural network-based control policy is able to guarantee the ROA. Another advantage of our

method, specifically when applied to periodic systems, is that we recast the trajectory tracking

problem into a regulation problem by defining the ROA at the Poincaré section, thus keeping

the method computationally inexpensive. The net result is an enlarged region of attraction

with reasonable computational cost. Once the regions of attraction are computed for multiple

cyclic or steady-state gaits, they may be sequenced together by reasoning about overlapping

regions to create non-steady or agile gaits using heuristics (see chapter 5) or more systematic

motion planning algorithms such as rapidly exploring random trees (see chapter 6).
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Assume a region of attractionAssume a control policy

Find the region of attraction Find the control policy

(a) Conventional approach (b) Our approach

Figure 14: Types of control approaches: (a) The conventional approach assumes a control policy
(usually a linear policy) followed by optimization to find the largest region of attraction (e.g.,
using sum-of-squares optimization to find the largest level set for the Lyapunov function). (b)
In our approach, we assume a region of attraction followed by optimization to find the control
policy (a higher order polynomial or neural network control policy gives good results for non-
linear systems). Our method uses sample-driven trajectory optimization followed by non-linear
regression provide an enlarged region of attraction even for highly nonlinear systems.

4.2 Background and related work

The most simple dynamically balancing legged robots are those created by McGeer in the

early 1990s (McGeer, 1990; McGeer, 1991). McGeer showed that by tuning the natural dynam-

ics (mass distribution, geometry, foot shape, etc.), it is possible to get natural-looking walking

motion on a shallow incline. This concept is known as passive dynamic walking. Garcia et al.

(Garcia et al., 1998) simplified McGeer’s model by using a point mass hip, massless feet, and

straight legs. The resulting model, called the simplest walker, has a single free parameter, the

ramp slope. They demonstrated that as the ramp slope increased, the model displayed period-

doubling leading to chaos, a phenomenon seen in many other non-linear dynamical systems

(Strogatz, 1994).
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Although passive dynamic walkers are energetically efficient (energy cost of movement is

zero), they are extremely fragile and knocked down by the slightest disturbance. For a dynam-

ical system, the set of initial conditions that converge back to the periodic motion is called

the basin of attraction (BOA) A. Schwab and Wisse (Schwab and Wisse, 2001) used the cell

mapping method (Hsu, 2013) to find the BOA of the simplest walker. The cell mapping method

relies on extensive sampling and forward simulations to estimate the BOA of the system. First,

the state space is divided into cells. Then initial conditions are chosen in the middle of the cells.

For each initial condition, the system is simulated to check if it converges back to the periodic

motion. The process is repeated for all initial conditions chosen on the cells. The resolution

of the cells determines the accuracy of the method. A finer resolution increases accuracy but

also increases the computational cost. It was found that the BOA for the simplest walker is

very narrow, which is understandable given that the system is completely passive. A similar

brute force approach was used by Heim and Sprowitz (Heim and Spröwitz, 2019) to find the

BOA of the spring-loaded inverted pendulum (SLIP) model of hopping. They have shown that

a non-linear spring increases the BOA over the linear spring model. However, unlike the pas-

sive dynamic walkers, the SLIP model uses active control of the foot placement angle before

touchdown.

A broader definition of stability is captured by the viability theory, which defines the viabil-

ity kernel defined as the set of all states from which it is possible to avoid falling down (Wieber,

AROA is an estimate of the basin of attraction.



60

2008). Unfortunately, it is computationally challenging to find this set even for simplest legged

systems. A computationally tractable approach was taken by Pratt et al. (Pratt et al., 2006)

by defining a capture region, which is the region where the robot needs to step to come to a

complete stop in one or more steps. The use of simple models of locomotion such as linear

inverted pendulum model enables easy computation of the capture region and subsequent im-

plementation in hardware (Pratt et al., 2012). Zaytsev et al. (Zaytsev et al., 2018) did a broader

analysis using a simple model of locomotion that generalizes capture regions to a broader set of

targets rather than just standing still and in the spirit of viability theory, computes the states

and controllers that avoid falling.

A global method for finding control policy and region of attraction is to use dynamic pro-

gramming. Dynamic programming returns a global policy and the value function or the cost of

executing the control policy. The issue with this approach is the method suffers from the curse

of dimensionality, that is, as the system complexity grows, the storage and computations grow

exponentially. The common way to deal with this issue is to reduce the system to a simple

abstraction, also known as a template (Koditschek and Robert, 1999), and use it for controller

design. For example, Whitman (Whitman, 2013) simplified a humanoid robot into three sim-

ple independent models; a sagittal, a lateral, and a frontal model. Controllers were developed

for the separate models independently, but combined during implementation using time as the

phase variable. Another simplification approach taken by Mandersloot et al. (Mandersloot et

al., 2006) is to use dynamic programming to choose states and control actions at the Poincaré

section instead of the time trajectory.
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Simulation-based tabulation of controllers followed by the online implementation is one

way of getting past the computational burden. Raibert (Raibert and Wimberly, 1984) used

simulations to tabulate the controls as a function of the system state. Then the polynomial

surface was used to fit the table. This allowed efficient storage of the table and for real-

time implementation. In a similar vein, Da et al. (Da et al., 2017) used simulation to create

controllers as functions of system states and terrain height. The data was then inputted into

a supervised learning framework to learn a policy, which was then implemented in hardware.

Our method is similar to the latter; we generate state, control pairs using optimization followed

by learning a function from the states to the controls using regressors such as a deep neural

network.

Local control methods involve creating a local control policy for the stabilization of the pe-

riodic motion. For example, Tedrake et al. (Tedrake, 2009) used a Linear Quadratic Regulator

(LQR) to stabilize the periodic motion. Then, using the LQR cost as a value function in combi-

nation with sum-of-squares optimization (Prajna et al., 2002), they found a Lyapunov function

and the corresponding region of attraction. The work by Manchester et al. (Manchester et

al., 2010) split the dynamics into transverse and tangential components and then searched a

Lyapunov function and region of attraction on the transverse dynamics using sum-of-squares

optimization. These approaches lead to the creation of the region of attraction as a tube along

the trajectory.

In our work, we are primarily interested in stabilizing a periodic motion. Our work is

different from past work in several ways:
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1. We define the Lyapunov function and the region of attraction at the Poincaré section

(see OCLF in chapter 2). Thus we are solving a regulation problem and the region of

attraction is a single surface of dimension n− 1 (n is the number of states of the system)

at the Poincaré section compared to the tracking problem and the region of attraction for

t samples along the trajectory, which will be n × t states which define a tube along the

trajectory (see Tedrake (Tedrake, 2009)).

2. The control policies we find allow exponential convergence to the periodic motion using

an orbital Lyapunov function. Previous methods based on LQR generate asymptotic

convergence to the periodic motion, which is relatively slower.

3. Our method can work with black-box models of the system to find a nonlinear control

policy. This is in contrast to past approaches that need a specific structure in the model

and/or controllers (e.g., polynomial models for sum-of-squares optimization).

4. Our method is able to find a relatively larger region of attraction compared to past

approaches, but at the expense of finding a more complex control policy (e.g., nonlinear

control policy).

4.3 Methods

The details of our approach are shown in Figure 15 and are elaborated in this section. First,

as shown in Figure 15 (a), we define preliminaries needed for analysis of cyclic gaits. Second, as

shown in Figure 15 (b), we assume a region of attraction and use an exponential control orbital
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Figure 15: Overview of our sampling-based optimization approach: (a) A gait that is periodic
repeats itself in one or more steps, (b) a region of attraction is assumed at the Poincaré section
and control actions (set-points, gains, amplitudes, etc) are found that lead to exponential
convergence to the periodic motion at the section, (c) trajectory optimization is repeated for
sampled points in the region of attraction to generate a look-up table for initial states and
corresponding control actions, (d) regression is performed to fit a control policy for each control
action as a function of state followed by verification.

Lyapunov function within a trajectory optimization framework for controller design. Third as

seen in Figure 15 (c), the results of trajectory optimization on samples chosen in the region of

attraction are tabulated. Finally, as shown in Figure 15 (d), we obtain a control policy from

the tabulated data and followed by extensive verification of the control policy by simulating

the system under external disturbances and modeling errors.

4.3.1 Periodic motion

In this paper, we are interested in a one-step periodic motion, which is a movement pattern

that repeats itself after a single step (see Figure 15 (a)). A Poincaré section is an instant in the
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gait cycle (e.g., mid-stance, foot-strike). A Poincaré map F is a function that maps the state

at the Poincaré section to itself after one step and is given by

xi+1 = F (xi,ui), (4.1)

where i is the step number, xi are the states at step i, and ui are the control actions at step

i. In order to find a periodic motion, for a given nominal state x0 there is a corresponding

nominal control u0 such that

x0 = F (x0,u0). (4.2)

4.3.2 Trajectory optimization

First, we used the stability metric called the orbital control Lyapunov function developed

in chapter 2 and then we formulate the trajectory optimization problem.

4.3.2.1 Exponential convergence using orbital control Lyapunov function

We define a Lyapunov function (V ) at the Poincaré section as follows

V (∆xi) = (∆xi)
TS0∆xi = (xi − x0)TS0(xi − x0) (4.3)
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where x0 is the fixed point of the periodic motion, xi 6= x0 is a system state at the Poincaré

section that needs to be stabilized, and S0 is a positive definite matrix that determines the

shape of the region of attraction. The condition for exponential stabilization is

V (∆xi+1)− V (∆xi) ≤ −αV (∆xi), (4.4)

where 0 < α < 1 is the rate of decay of the Lyapunov function between steps. Thus, the

condition for exponential stability can be rewritten in terms of control using Equation 6.3 and

Equation 4.4 as follows

V (∆xi+1)− (1− α)V (∆xi) ≤ 0,

=⇒ (xi+1 − x0)TS0(xi+1 − x0)− (1− α)(xi − x0)TS0(xi − x0) ≤ 0,

=⇒
(
F (xi,ui)− x0

)T
S0

(
F (xi,ui)− x0

)
− (1− α)(xi − x0)TS0(xi − x0) ≤ 0. (4.5)

Equation 4.5 is the condition on the orbital Lyapunov function for exponential orbital stabi-

lization (step-to-step stabilization). Specifically, we select ui such that the above condition is

met. The variable α is set to 0.9 in all simulations. The rationale is that a value of 0.9 gives a

good compromise between rate of convergence and robustness to modeling errors.
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4.3.2.2 Trajectory optimization problem formulation

The trajectory optimization is done for a given initial condition at the Poincaré section

xi 6= x0 (see Figure 15 (b)) as follows

minimize
ui

Mechanical Cost Of Transport (MCOT) =
Mechanical Work Per Step

Weight× Step Length
(4.6)

subject to: xi+1 = F (xi,ui) (4.7)(
F (xi,ui)− x0

)T
S0

(
F (xi,ui)− x0

)
− (1− α)(xi − x0)TS0(xi − x0) ≤ 0. (4.8)

In the above problem, the control actions ui are control parameters that are set once-per-step.

Some examples of control actions are: feedback gains, set-points, amplitude of suitable time-

based functions. All these control actions, the number and type of actions, are designer’s choice

(also see Figure 17).

The optimization problem defined by Equation 4.6 - Equation 4.8 may be solved using

parameter optimization using collocation or shooting methods (for a review see ref. (Betts,

1998)). We use a direct shooting method in all optimizations.

4.3.3 Control/state tabulation for the region of attraction

The Region Of Attraction (ROA) of the controller is the set of all initial conditions xi that

would converge to the fixed point, x0. As noted earlier, in our method, we start by assuming

a region of attraction. Then, we sample the region of attraction to generate a set of initial

conditions xi as follows. We choose a level set of the Lyapunov function, (xi−x0)TS0(xi−x0) =

c, where c is a constant and has a small value to start with. We choose n equally spaced points



67

on this level set. This process is repeated for multiple level sets of increasing value for c to

generate the set of initial conditions xi. The control/state tabulation is done as follows. For

each initial condition xi, we solve the trajectory optimization problem given in section 4.3.2.2

to obtain the corresponding control action ui. The control/state pairs are saved in a tabular

format (see Figure 15 (c)).

4.3.4 Control policies and verification

Based on the control/state tabulation, we are interested in fitting a control law for each

control action as follows

uk = fk(x1, x2, x3, ..., xJ) k = 1, 2,3,..,K (4.9)

where k denotes the index for each control action (total K actions) and j indicates the index

for each state (total J states). The function f is a designer’s choice. We use linear, quadratic,

and a neural networks in our results and compare the fit with each other by doing additional

simulation using additional randomly chosen initial conditions. In addition, we simulate the

system to disturbances and modeling errors to check the robustness of the control policy (see

Figure 15 (d)).

4.3.5 Model of hopping

We demonstrate our method on a model of hopping shown in Figure 16 (a). The model

consists of a point mass body with mass m = 80 kg and maximum leg length `0 = 1 m. Gravity

points downwards and is denoted by g = 9.81 m/s2. There is a prismatic actuator that can
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θ

y
y

ttb b

τ

Figure 16: A complete step for the hopping model: The model starts in the flight phase at the
apex position (vertical velocity is zero), followed by the stance phase, and finally ending in the
flight phase at the apex position of the next step. The hopping model has a prismatic actuator
that is used to provide an axial braking force F b in the compression phase and axial thrust
force F t in the restitution phase, and a hip actuator (not shown) that can place the swinging
leg at an angle θ with respect to the vertical as the leg lands on the ground.

generate an axial force F along the leg and a hip actuator that can place the swing leg at an

angle θ.

The states of the model are given by {x, ẋ, y, ẏ} where x, y are the x- and y- position of

the center of mass and ẋ, ẏ are the respective velocities. A single step of the hopper shown in

Figure 16 (a)-(d) is given by the following equation:

Flight

apex︷︸︸︷−→ Flight

touchdown︷︸︸︷−→ Stance compression→
mid-stance︷︸︸︷−→ Stance restitution→

takeoff︷︸︸︷−→ Flight︸ ︷︷ ︸
one step/ one-step periodic motion

apex︷︸︸︷−→ Flight

We explain the above equation in detail next. The model starts at the apex (see Figure 16 (a))

where the state vector is, {xi, ẋi, yi, 0}. The model then falls under gravity,

ẍ = 0, ÿ = −g (4.10)



69

till contact with the ground is detected by the condition y − `0 cos(θ) = 0, where θ is the

foot placement angle and measured relative to the vertical. Thereafter, the ground contact

interaction is given by (see Figure 16 (b), (c)),

mẍ = F
(x− xc)

`
, mÿ = F

y

`
−mg (4.11)

where xc is the ground-foot contact point that needs to be set at every step depending on

the ground-foot contact point at touchdown, F > 0 is the linear actuator force along the leg.

For the first half of the stance phase from touchdown to mid-stance (defined by ˙̀ = 0.), called

the compression phase, the actuator force is a braking force F = F b = P b + k(`0 − `). For the

second half of the stance phase from mid-stance to take-off, called the restitution phase, the

actuator force is a thrust force F = F t = P t + k(`0 − `). P b and P t are constant control forces

during compression and restitution respectively. In the above equations ` =
√

(x− xc)2 + y2

is the instantaneous leg length measured relative to the contact point and k is constant (fixed)

gain analogous to the spring constant. In all simulations we take k = 32, 000 N/m. The take-off

phase occurs when the leg is fully extended, that is, ` − `0 = 0. Thereafter, the model has a

flight phase and ends up in the next apex state, {xi+1, ẋi+1, yi+1, 0} (see Figure 16 (d)).

Figure 17 shows the block diagram of our controller. There are two control loops, an inner

loop that does fast continuous control and an outer loop that does slow once-per-step control.

The inner loop has a tracking controller that tracks the swing leg angle during flight phase

as a function of time and the stance leg force during stance phase as a function of leg length.
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Continuous controlDiscrete control

Control actions

Figure 17: Block diagram of the controller: There are two control loops. A high bandwidth
continuous control inner loop that does a time-based position control of the swing leg and force
control of the stance leg, and a low bandwidth (once-per-step) discrete control outer loop that
sets the foot placement angle (θi) and thrust/braking force (Pi = {Pt, Pb}).

The slow loop sets the foot placement angle (θi) and the stance leg force (Pi = {P t, P b})

once-per-step. This paper focuses exclusively on the outer, slow controller.

4.4 Results

4.4.1 Trajectory optimization for sampled points in the assumed ROA

We define the Poincaré map, F , at the apex. The apex is defined by the condition, ẏ = 0.

Thus, the state at the apex at step i, xi = {ẋi, yi}, and the control actions that are tuned

once-per-step as discussed in section 4.3.5 are, ui = {θi, P bi , P ti } (where θi, P
b
i and P ti are foot

placement angle with respect to vertical, the constant forces during compression and restitution

respectively (see Equation 4.11)). The step-to-step dynamics are given by xi+1 = F (xi,ui).
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We do not have an analytical expression for F , but we build a simulation of the system using

MATLAB’s ordinary differential equation solver ode113 with an integration tolerance of 10−9.

We arbitrarily chose the apex state for the periodic motion to be xi+1 = xi = x0 = {5.0, 1.3}

(units of m/s and m respectively) and numerically evaluated the control ui = u0 = {θ0, P
b
0 =

0, P t0 = 0} necessary to ensure periodic motion given by the condition x0 = F (x0,u0). The

control necessary to achieve the periodic motion is u0 = {0.3465, 0, 0}

Next, we show that using only foot placement control will limit the range of perturbation

that can be stabilized. Figure 18 shows a plot of the vertical height at the apex (yi) versus the

horizontal velocity at apex (ẋi). The fixed points x0 is shown as point (a). Since the system is

conservative (no dissipation), each fixed point lies on a constant total energy (TE) line that is

found using the sum of potential and kinetic energy at the apex, TEi = 0.5mẋ2
i + mgyi. The

constant energy line corresponding to the fixed point is shown as TE0. Because the system

is conservative, only initial states on the constant total energy line converge back to the fixed

point. The initial states on the constant TE0 line that start at a higher height (y1 > y0) and a

lower speed (ẋ1 < ẋ0) compared to nominal (such as point (b)), can converge to the fixed point

by decreasing the foot placement angle (θ1 < θ0). The initial states on the constant TE0 line

that start at a lower height (y2 < y0) and a higher speed (ẋ2 > ẋ0) compared to nominal (such

as point (c)), can converge to the fixed point by increasing the foot placement angle (θ2 > θ0).

The initial states not on the constant TE0 line (such as point (d)) cannot converge to the fixed

point because there is no means of changing the total energy of the system. From this analysis,

we observe that the foot placement angle is able to convert kinetic energy to potential energy
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or vice versa while maintaining the total energy of the system. This limits the range of initial

conditions that can be stabilized to be on the total energy line corresponding to the fixed point.

Thus, the foot placement angle has a very narrow region of attraction.
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Figure 18: Control of foot placement angle: The plot shows the velocity in the x-direction

(ẋi) versus the vertical height (yi) at the Poincaré section, which is at the apex in the flight

phase. (a) The fixed point is {ẋ0, y0} = {5, 1.3}, which corresponds to the foot placement angle

θ0 = 0.3465 rad. (b) Initial states such as {ẋ1, y1} need to decrease the foot placement angle

θ1 to converge to the limit cycle. (c) Initial states such as {ẋ2, y2} need to increase the foot

placement angle θ2 to converge to the limit cycle. (d) Initial conditions such as {ẋ3, y3} which

are not on the TE0 line cannot converge to the fixed point {ẋ0, y0} because there is no means

to change the total energy of the system (drawing not shown).
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Next, for the trajectory optimization we chose the positive definite matrix for the Lyapunov

function to be S0 = diag{1, 11.1}, exponential convergence rate α = 0.9, and the region of

attraction (ROA) to be (xi−x0)TS0(xi−x0) = 1. These are design variables and the rationale

for these choices is as follows: The S0 in combination with the region of attraction (xi −

x0)TS0(xi − x0) = 1 ensures that speed variations within ±1 m/s and height variation ±0.3

m may be stabilized. The choice for α determines how fast the initial condition at the apex

decays to the periodic motion. For α = 0.9, all initial conditions would reduce by a factor of

90%.

We use the energy metric called the Mechanical Cost Of Transport (MCOT) defined as

energy used per unit weight per unit distance travelled

MCOT = MCOTk + MCOTb + MCOTt

=
Ek

mgD
+

Eb

mgD
+

Et

mgD

=

∫
|k(`0 − `) ˙̀|dt

mgD
+

∫
|P b ˙̀|dt

mgD
+

∫
|P t ˙̀|dt

mgD
(4.12)

where |x| is the absolute value of x, D is the step length, and ˙̀ =
(x− xc)ẋ+ yẏ

`
. The absolute

value is a non-smooth function of its argument, so we smooth it using square root smoothing

(Srinivasan, 2006). That is, |x| =
√
x2 + ε2 where ε is a small number (we set ε = 0.01).

Finally, the optimization problem given by Equation 4.6 - Equation 4.8 is solved from initial

conditions sampled on the region of attraction and described in detail in section 4.4.2.
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4.4.2 Control/State tabulation

We generated 451 data points within the ellipse given by (xi − x0)TS0(xi − x0) = 1 (see

section 4.4.2) and performed the trajectory optimization for each sampled data point (see section

4.3.2.2). For the trajectory optimization, we recast the problem as a parameter optimization

problem on the control actions and used a single shooting method to evaluate the cost function

and system state at the end of a single step. The parameter optimization problem was solved

using constrained optimization software called SNOPT (Gill et al., 2002), which is based on

solving sequential quadratic programs. The total optimization time for 451 initial conditions

was 131 minutes on a laptop (circa 2012). Thus, it took about 17 seconds for each optimization

to complete.

The controls/state combinations are tabulated for further processing, but are presented here

as plots. Figure 19 shows the three control actions as a function of apex state, the height y and

the horizontal velocity ẋ. The total energy at the apex is given by TEi = 0.5m(ẋi)
2 + mgyi.

The corresponding value for the periodic motion is given by TE0 = 0.5m(ẋ0)2 + mgy0. Next,

we find the total energy curve corresponding to the fixed point (shown as the dashed black

line) by solving for ẋi and yi on the curve TE0 = 0.5m(ẋi)
2 + mgyi. This curve divides the

ellipsoids into two halves: top right half has higher total energy than the nominal, TEi > TE0,

(where i is an initial condition in the top right half); and bottom left half, has lower total

energy than the nominal, TEi < TE0. Thus for top-right half the braking force P b is non zero

and serves to brake or extract energy from the system. Similarly, for the bottom left half the

control strategy is to apply a constant thrust force to add energy to the system. The foot
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placement angle maintains the total energy of the system, but converts the potential energy to

the kinetic energy and vice versa. The three control actions perform three distinct roles: foot

placement cannot change the total energy, but can convert the potential energy to the kinetic

energy and vice versa, the braking force can only decrease the total energy, and thrust force

can only increase the total energy.
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Figure 19: Contour plots for control actions as a function of horizontal velocity and apex height:
(a) foot placement angle; (b) constant braking force in stance phase; and (c) constant thrust
force in the restitution phase.
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Figure 20 shows the associated Mechanical Cost Of Transport (MCOT) (see Equation 4.12)

for individual control actions and the total. Figure 20 (a) shows the total MCOT. The total

MCOT for the fixed point (shown by the + sign) is 0.39. The MCOT is mostly flat along

the x-axis or the horizontal velocity axis, but increases monotonically along the y-axis or the

vertical height axis. Figure 20 (b) - (d) plots the contribution of individual control actions

while (a) is the sum of (b), (c), and (d).
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4.4.3 Finding control policies and verification

Next, we find a control policy (uk = fk(xi), one for each control action k) from the tabulated

data section 4.4.2. The rationale is that such a control policy offers a compact representation

of the controls and is easier to store for hardware implementation.

We use the observation from Figure 19 that we can segregate force control (P b and P t)

based on the location of the initial condition and the total energy. We have the following three

parameterizations in the increasing level of complexity (as given by the number of parameters).

4.4.3.1 Linear policy

The linear policy has 9 parameters as shown below.

θi = a0 + a1∆y + a2∆ẋ

P bi =


0 TEi ≤ TE0

b0 + b1∆y + b2∆ẋ otherwise

P ti =


0 TEi ≥ TE0

c0 + c1∆y + c2∆ẋ otherwise
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4.4.3.2 Quadratic policy:

The quadratic policy has 18 parameters as shown below.

θi = a0 + a1∆y + a2∆ẋ+ a3(∆y)2 + a4(∆ẋ)2 + a5∆y∆ẋ

P bi =


0 TEi ≤ TE0

b0 + b1∆y + b2∆ẋ+ b3(∆y)2 + b4(∆ẋ)2 + b5∆y∆ẋ otherwise

P ti =


0 TEi ≥ TE0

c0 + c1∆y + c2∆ẋ+ c3(∆y)2 + c4(∆ẋ)2 + c5∆y∆ẋ otherwise

4.4.3.3 Neural network policy:

Each neural network in the policy has 12 hidden layers and the total parameters are 484.

θ = Neural Net 1

P bi =


0 TEi ≤ TE0

Neural Net 2 otherwise

, P ti =


0 TEi ≥ TE0

Neural Net 3 otherwise

where ∆y = yi− y0, ∆ẋ = ẋi− ẋ0, a’s, b’s, and c’s are all constants which were fit using the

data from section 4.4.2. The linear and quadratic policies were fit using non-linear least squares

function lsqnonlin in MATLAB and the neural network policy was trained using Levenberg-

Marquardt using the Deep Learning Toolbox in MATLAB.
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Figure 21: Verification for different control policies. A histogram showing Lyapunov
function after one step (V (∆xi+1)) for randomly chosen initial conditions (xi) in the region of
attraction. Each figure represents a different fit between control actions and initial conditions
at the apex. The fits are based on: (a) linear, (b) quadratic, and (c) neural networks.

4.4.3.4 Verification

Using the three control fits discussed above, we do the verification as follows. We choose

about 1500 initial conditions inside the region of attraction V (∆xi) ≤ 1 (note that our fit is

based on only 451 points). Next, for each of the initial conditions, we did a forward simulation

for one step using each control policy. We plotted the histogram of the Lyapunov function

after one step for each of the three fits as shown in Figure 21. We have also indicated the

percentages above each bar of the histogram. It can be seen that 52%, 73%, 84% of the initial

conditions are in the range 0 < V (∆xi+1) < 0.1 for the linear, quadratic, and neural network

fit respectively. Also, almost 99% of initial conditions are within the range 0 < V (∆xi+1) < 0.3

for the quadratic fit and within the range 0 < V (∆xi+1) < 0.2 for the neural network fit.
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These results indicate that the neural network provides the best fit for the data followed by the

quadratic fit and finally, the linear fit.

4.4.3.5 Robustness

We choose the quadratic control policy for additional robustness checks. The rationale

behind using the quadratic policy over the neural network was that the former uses a few

parameters while providing a comparable fit as demonstrated in Figure 21. To check robust-

ness we looked into effects such as unmodeled dynamics, noisy sensors/actuators, and external

disturbances. These are discussed next.

To check the robustness to unmodeled dynamics, we added a damping force (Fv = −cv ˙̀)

in addition to the spring force on the stance leg. Then we simulated the system for 1414

randomly chosen points in the region of attraction, (xi−x0)TS0(xi−x0) ≤ 1. Figure 22 shows

the Lyapunov function (averaged over the 1414 simulations) for 5 consecutive steps for two

damping constants (a) cv = 100 Ns/m and (b) cv = 200 Ns/m. These damping values have

the effect of reducing the total energy of the periodic motion at the next step by 6% and 10%

respectively. It can be seen that for cv = 100, all initial conditions decay to and stay within

the range V (∆xi+2) ≤ 0.1, that is, in 2 steps. However, when damping constant is doubled to

cv = 200, all initial conditions are within the range V (∆xi+2) ≤ 0.3.

We did stochastic simulations to ascertain robustness to several other factors: noisy ac-

tuators (foot placement angle and stance forces), noisy sensors (apex height and horizontal

velocity), and external disturbance (step change in height at touchdown). We consider each of

these 5 factors separately. That is, only one factor was varied by keeping the other four fixed to
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the nominal value. For each factor, we choose a standard deviation σd (where d = θ, P, y, ẋ, h

are foot placement angle, stance forces, apex height, apex horizontal speed, step disturbance,

respectively). The standard deviation was varied from zero to a maximum value in certain

increments appropriate to the specific factor. For a given σd, we created 10 runs, each of 100

steps. In each of these runs, the noise or disturbance was applied every step. For sensor noise,

foot placement control actuation noise, and step height disturbance we used uniform random

distribution {−σd, σd} and for stance force noise we used uniform distribution {0, σd} to create

perturbations over the nominal values for each of these parameters. For each of these runs, the

hopper started at the same initial state, x0.
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Figure 23 shows the results for the stochastic simulations. Each row corresponds to a single

factor. The column corresponds (from left to right) the number of steps successfully taken, the

average foot placement angle, and the average push-off force. The robustness is best explained

using the first column, the number of steps successfully taken: the maximum deviation σd

for which the hopper can take average 100 steps (the maximum number of steps simulated)

indicates no failure. This is achieved for foot placement angle σθ ≈ 0.04 rad = 2.3◦ (about 11%

of nominal θ), for stance force σP ≈ 800 N, for apex horizontal velocity σẋ ≈ 0.4 m/s (about

8% of the nominal apex horizontal velocity), for apex height σy ≈ 0.12 m (about 9.2% of the

nominal apex height), and step disturbance σh < 0.01 m = 1 cm. The control actions θ (column

2) and stance forces P b and P t (column 3) for values that indicate no failure (that is, steps

traversed is 100) provide an indication of stabilization strategies. In particular, for increasing σ

for push-off (row 2), apex horizontal speed (row 3), and apex height (row 4), the foot placement

angle decreases, but the push-off force increases to stabilize the system. However, increasing σ

for foot placement angle (row 1) does not change either the push-off or foot placement angle

(column 2 and 3) thus indicating that the system relies on the stability properties of the nominal

gait for stabilization. Finally, there is no clear trend for an increase in σ for step height (row 5)

because of the low tolerance for rejecting step height disturbances. Our main conclusion is that

the system is most robust to noisy push-off forces, moderately robust to noise in apex height

and velocity and to noise in foot placement angle, and least robust to step height disturbance.

Figure 24 gives a better understanding of the evolution of the Lyapunov function across

multiple steps for an increasing standard deviation for each of the five parameters. To generate
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each plot, we started the hopper from the same initial condition, but a different σ based on the

parameter that we considered, and simulated the system for multiple steps.

Each dot in the figure represents the Lyapunov function at subsequent steps. The light

gray ellipse is the region of attraction (that is, (xi − x0)TS0(xi − x0) ≤ 1) and the dark gray

ellipse in the middle corresponds to (xi − x0)TS0(xi − x0) ≤ 0.1 or the region inside which all

initial conditions will decay for a perfect model, perfect sensors, and no external disturbances.

The columns are arranged in the increasing order of σ from left to right; we chose small,

medium, and large model uncertainty/disturbance that the controller is able to sustain. Each

row corresponds to a specific external parameter and each column corresponds to increasing

standard deviation for the particular parameter. The rows and columns in that order are: (a)

foot placement control for σθ of 1◦, 2◦, and 3◦, (b) push-off control for σP of 500, 1000, and 1500

all in N, (c) apex velocity sensor for σẋ of 0.1, 0.25, and 0.5 all in m/s, (d) apex height sensor

for σy of 5, 10, 20 all in cm, (e) step height disturbance for σh of 2, 5, and 8 all in cm. It can be

seen that as the deviation σ increases the Lyapunov function over multiple steps stays within

the region of attraction, but not inside the ellipse with a boundary defined by 0.1. The effect

is most prolonged for the large disturbance (rightmost column), especially for the apex height

variation, where the hopper is on the verge of moving out of the assumed region of attraction,

but not necessarily falling.
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4.5 Discussion

In this paper, we have presented a sampling-based framework to find control policies for

an assumed region of attraction and demonstrated the approach on a model of hopping. The

methodology was as follows. We performed a coarse-sampling of the initial conditions at the

Poincaré section and used trajectory optimization on each initial condition to find control ac-

tions (e.g., gain, amplitudes, set-points) that ensured a reduction of a suitably defined Lyapunov

function after a single step. The result was a tabulation of the initial conditions and the corre-

sponding control actions. We fitted each control action as a function of the initial conditions,

assuming various functional representations (e.g., linear, quadratic, neural network) to find the

control policy. Finally, we verified the control policy on a finely sampled set of initial conditions

and did additional robustness checks.

The traditional formal control approach started by assuming a control policy (e.g., linear

quadratic regulator, LQR) and then found the largest region of attraction (e.g., using sum-

of-squares optimization). Our sampling-based approach worked in the reverse: we started by

assuming a region of attraction and then found the control policy using extensive simulations

and regression. The formal control approach leads to a simple policy (e.g., the linear policy)

at the expense of the possibility of generating a small region of attraction, while our approach

guarantees a large region of attraction at the expense of more complicated control policy. For

linear systems, the formal control approach based on a linear control policy would be more

effective computation- and performance-wise, but for nonlinear systems where a simple linear
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controller could potentially produce a small region of attraction, our method would potentially

lead to a larger region of attraction.

Another major difference between our and prior work is in the way we define the region

of attraction. Tedrake (Tedrake, 2009) and Manchester (Manchester et al., 2010) considered

the region of attraction along the trajectory while we considered the region of attraction at

the Poincaré section. In these prior works, the system was linearized about the trajectory and

the time varying LQR controller was used for tracking purposes. The region of attraction was

estimated by finding multiple Lyapunov functions along the trajectory using the sum-of-squares

optimization guaranteeing local stability along the trajectory. In our case, there was a single

Lyapunov function at the Poincaré section and gave the region of attraction for orbital or step-

to-step stability for the nominal cyclic motion. In contrast to the trajectory tracking in the

prior work, we solved a computationally simpler regulation problem. In other words, using

the Poincaré map-based Lyapunov function, we created a discrete controller that operates in a

step-to-step fashion, a common practice in the control of machines exhibiting periodic motion

(Hobbelen and Wisse, 2007b).

Our approach blended control theory and machine learning; more specifically, control theory-

based stability metrics such as the control Lyapunov function and machine learning-based

methods such as sampling and regression (polynomials and deep neural networks) for designing

control policies. In this regard, it is important to note that control theory approaches based

on the sum-of-squares optimization (Tedrake, 2009) may only work with polynomial model
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and control policies. In contrast, our method worked with generic models, including black-box

models.

The control actions and Lyapunov function are the designer’s choices that affected the final

outcomes. For the hopper, our choice of control actions was foot placement angle, braking force,

and thrust force while the Lyapunov function was an ellipse. Our choice of control actions not

only led to a large region of attraction, but it also led to further simplification as only two of

the three control actions were needed to stabilize the system based on the system energy. We

chose a quadratic Lyapunov function with principal axes along the speed (x-axis) and height

(y-axis) and this allowed us to stabilize a relatively wide range of horizontal speeds (range of

±1 m/s) for the same apex height, the rationale being that regulating the speed is one of the

goals of legged locomotion in the presence of disturbances. In comparison, the work by Heim

and Sprowitz (Heim and Spröwitz, 2019) used a single control action, the foot placement angle,

which limited the region of attraction to a relatively small area.

We have two comments about our chosen region of attraction. One, we chose our region

of attraction to be (xi − x0)TS0(xi − x0) ≤ c, with c = 1. The choice for c is arbitrary. In

principle one could choose a large value of c, perhaps encompassing the entire state space. Then

do optimization for sampled points in the entire space followed by regression to fit a control

policy (ui = f(xi)). We hypothesize that the resulting control policy will be highly non-linear

and could potentially need a large number of free parameters to describe it adequately. Often a

simple control policy (e.g., quadratic or neural network with few parameters) is ideal. Second,

although we chose the region of attraction c = 1 and found the control policy for that region,
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the actual region of attraction is likely much larger. It would be fairly straightforward to find

the actual region of attraction by doing additional simulations over larger level sets c > 1. After

finding the actual region of attraction, one can repeat the control policy evaluation for the new

c and repeat the process until no further expansion of the region of attraction is possible.

We advocated offline trajectory optimization followed by online implementation. The aver-

age time for the trajectory optimization for the simple model is about 17 seconds (circa 2012

laptop), which is too slow for online implementation. Since the trajectory optimization is done

for a range of initial conditions, the resulting data (initial conditions and corresponding con-

trol actions) may be saved as a lookup table for online implementation. This simple strategy

worked for a few regions of attraction, but as the number of regions of attraction grows (e.g., for

different gaits and fixed points and as the system dimensions scale up), the lookup table might

be too large. Thus, we advocate mining the data to find a simple functional representation, a

control policy of the form, u = f(x), which is easier to store and use for real-time control.



CHAPTER 5

CREATING AGILE GAITS BY SEQUENTIALLY COMPOSING

PERIODIC MOTIONS USING HEURISTICS

(A significant portion of this chapter is reproduced from a published paper with the following

citation:

Bhounsule, P., Zamani, A., and Pusey, J.: Switching between limit cycles in a model of

running using exponentially stabilizing discrete control lyapunov function. In American Control

Conference (ACC), 2018. IEEE, 2018.)

5.1 Introduction

The ability to quickly switch between periodic motions or limit cycles allows legged robots to

demonstrate agility or the ability to quickly change velocity or direction (Duperret et al., 2016).

Very little work has been done in synthesizing agile (non-periodic) gaits, even though a great

amount of literature exists on the creation of periodic or steady state gaits. This work provides

a technique for constructing non-steady or agile gaits by sequentially composing steady-state

gaits, thereby capitalizing on the extensive work done on steady state gaits.

90
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5.2 Background and Related Work

A straightforward technique to create agile gaits is to create individual controllers for pe-

riodic motion as well as for all possible transitions. For example, Santos and Matos (Santos

and Matos, 2011) tuned nonlinear oscillators to generate different gaits and gait transitions in

a quadrupedal robot. Haynes and Rizzi (Haynes and Rizzi, 2006) used a heuristic approach

in which transitions were created by sequentially changing the controllers for pairs of leg from

start to goal gait while maintaining static stability (center of mass projection is within the

support polygon of the legs). Byl et al. (Byl et al., 2017) pre-computed transition controllers

between successive apex states and used these controllers to map out the reachable state space.

The disadvantage of the method is that it requires additional transition controllers to switch

between limit cycles.

Transition controller can be avoided entirely if one can find common states between two

limit cycles and switch controllers when that particular state is reached. However, it is often

very difficult to find common states between two limit cycles. As an alternative, it is relatively

easier to use the region of attraction (range of states that converges to the limit cycle) (Strogatz,

1994) to switch. We demonstrate the approach in Figure 25 (a). Each of the ellipsoids are the

regions of attraction of a particular limit cycle. Initially we use the controller C1 to get the

system to move toward the fixed point corresponding to the first limit cycle. Once the state is

inside the region of attraction of the next limit cycle, the controller C2 is switched on and so

on. This way, the system can funnel from one limit cycle to another (Burridge et al., 1999).
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Figure 25: Relation between funnels and limit cycles: (a) Use of funnels to sequentially compose
motion (Burridge et al., 1999). (b) Running motion is analyzed using fixed point of the limit
cycle at the Poincaré section. Switching controllers are created by composing limit cycles using
the region of attraction to create funnels.

Funnel-based switching has been used in the past and is also the main focus of this chapter.

Bhounsule et al. (Bhounsule et al., 2016) considered transition of a torso-actuated rimless wheel

robot, a simple one degree of freedom system. The key idea was to use a one-step dead-beat

control to switch from one fixed point to another in a single step. The switching was done

at the mid-stance position using the measured velocity of the leg in contact with the ground.

The region of attraction was not estimated but switching was attempted by trial and error.

Westervelt (Westervelt et al., 2003) considered switching of a four degree of freedom, walking

robot with knees and torso. To deal with the high dimensionality of the system, the switching

was done by considering the zero dynamics of the system which is of dimension 1, simplifying
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the search for the region of attraction. Cao et al. (Cao et al., 2015) considered the gait

transition of a quadruped robot by switching in the mid-flight phase using the reduced state

of the body position and velocity (that is, legs were excluded). The region of attraction was

estimated by using forward simulation, which may be time consuming. Tedrake and coworkers

(Tedrake, 2009; Tedrake et al., 2010) used sum of squares to estimate the region of attraction

and used Linear Quadratic Controllers to stabilize gaits, but the same idea can be extended

to switch between limit cycles. Veer et. al. (Veer et al., 2017) used an exponential control

Lyapunov function (ECLF) to switch between a continuum of limit cycles to generate variable

speed walking. In their work, the ECLF ensures exponential local stabilization but in this work

we use exponential orbital stabilization, which leads to a much faster transition.

In this chapter, we use funnel-based approach for switching between limit cycles for a running

model. The switching is done at the mid-stance position as shown in Figure 25 (b). In contrast

to past approaches, we use an orbital control Lyapunov function approach developed in chapter

2 to: (1) estimate the region of attraction, and (2) enable exponential convergence to the fixed

points. The latter allows for fast transitioning between limit cycles, typically in a single step,

and is the main novelty of our approach.

5.3 Model

We use the hoping model described in section 4.3.5 of chapter 4.
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5.4 Methods

Next, we describe our methodology for creating agile gaits. First, we create multiple limit

cycles. Second, we define an orbital Control Lyapunov Function (OCLF) for exponential decay

of Lyapunov function between steps and estimate the region of attraction for each limit cycle.

Third, we use the idea of funnels to transition from a start state to an end state by sequentially

composing the limit cycles.

5.4.1 Poincaré map and limit cycle

We define the Poincaré map, F, at the apex. The apex is defined by the condition, ẏ = 0.

Given the state at the apex at step k, xk = {ẋ, y}, and the control, uk = {θ, P b, P t} (where P b

and P t are constant braking and thrust forces during compression and restitution respectively

(see Equation 4.11)), we compute the state at the next step,

xk+1 = F(xk,uk). (5.1)

There is no closed form for the map F. In this chapter, it is found numerically by integrating

the equations of motion. The ith limit cycle is found by fixing xk+1 = xk = xi and searching

for uk = ui = {θ, P b = 0, P t = 0} such that

xi = F(xi,ui). (5.2)

The stability of the limit cycle can be found by evaluating the largest eigenvalue of the Jacobian

of F, that is, J =
∂F
∂x
|(xi,ui) (Strogatz, 1994). For the runner one eigenvalue is always 1 (a
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conservative system when P b = P t = 0) (Poulakakis et al., 2006) while the second eigenvalue

is used to evaluate the stability. An eigenvalue less than 1 indicates a stable limit cycle and

unstable otherwise.

5.4.2 Orbital Control Lyapunov Function (OCLF)

We use the OCLF derived in section 4.3.2.1 of chapter 4. The condition for exponential

stability is repeated here

V (∆xik+1)− (1− α)V (∆xik) ≤ 0

=⇒(xk+1 − xi)
TSi(xk+1 − xi)− (1− α)(xk − xi)

TSi(xk − xi) ≤ 0,

=⇒
(
F (xk,uk)− xi

)T
Si

(
F (xk,uk)− xi

)
− (1− α)(xk − xi)

TSi(xk − xi) ≤ 0. (5.3)

5.4.3 Region Of Attraction (ROA)

The Region Of Attraction (ROA), R, of the controller is the set of all initial conditions xk

that would converge to the corresponding limit cycle, xi. In our case, we are interested in all

xk for which we can find uk such that Equation 5.3 is satisfied. To find the ROA, Ri for a

given limit cycle we need to find level set, (xk − xi)
TSi(xk − xi) = c such that Equation 5.3 is

satisfied. We restrict ourselves to c ≤ 1.

First, we find Si = diag{si1, si2} such that level (xk − xi)
TSi(xk − xi) = 1 intersects the

state constraint y = `0 (a conservative estimate that prevents the leg from stubbing the ground

at the Poincaré section, the flight phase apex position, assuming the leg is vertical and at its

nominal length `0).
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Second, we find maximum value of c such that (xk − xi)
TSi(xk − xi) ≤ c and exponential

stabilization conditions given by Equation 5.3 are satisfied. This is done numerically as follows:

(1) fix c to a small value and compute xk’s on the level set, (2) check if a uk exists such that

Equation 5.3 holds using nonlinear optimization, (3) increase c and repeat, (4) stop when at

least one xk is infeasible or when c = 1.

5.4.4 Minimizing Energy Cost

When finding a controller for each state within the ROA, we minimize the Mechanical Cost

Of Transport (MCOT) defined as energy used per unit weight per unit distance travelled

Enet = Ek + Eb + Et

=

∫
step

(
|k(`0 − `) ˙̀|+ |P b ˙̀|+ |P t ˙̀|

)
dt

MCOT =
Enet
mgD

(5.4)

where Ek, Eb, and Et are mechanical work done by the spring force due to foot placement,

constant braking force, and thrust force respectively. The optimization problem is to minimize

MCOT (Equation 5.4) subject to the exponential OCLF condition (Equation 5.3) for the given

initial condition x0.

5.4.5 Transitioning using funnels

The key idea behind transitioning between limit cycles with stability guarantees is shown

in Figure 25 and inspired by (Burridge et al., 1999). We choose limit cycles such that the

fixed point of one limit cycle is in the region of attraction of the next limit cycle. When the
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system state is in the region of attraction of the next limit cycle, the corresponding controller

is switched on. The algorithm is given in Algorithm 1.

Algorithm 1 Transition(initial state xinit, goal state xgoal)

Input: initial state xinit, goal state xgoal.
Output: Set of control actions for each step, uk, where step index is k = 1, 2, ..., n.
1: Compute sufficiently large number of limit cycles (say m) and their associated controller

(u) between init and goal state such that their ROA’s (R) overlap (See Sections 5.4.1 and
5.4.3).

2: SORT(Rp), p = 1, 2, ...,m either in increasing or decreasing order of speed of fixed point.
3: Initialize step number k ← 0 and state x0 ← xinit
4: while |xk+1 − xgoal| ≥ δ do {δ is a small number}
5: FIND(xj) all the fixed points xj where j = 1, 2, ..., N such that xk ∈ Rj . {NOTE: xj is

a subset of the m limit cycles computed earlier.}
6: Choose fixed point xj that is closest to the goal state (say x̄j) and set the corresponding

controller uk = ūj .
7: Apply the control uk and compute the state at the next apex, xk+1.
8: k ← k + 1
9: end while

5.5 Results

In all the following results we assume that mass is m = 80 kg, nominal leg length is `0 = 1

m, gravity g = 10 m/s2, and spring constant k = 32000 N/m. For all simulations, we choose

the exponential decay rate α = 0.9 (see Equation 5.3).



98

5.5.1 Example 1: Exponential Stabilization

To illustrate the exponential stabilization of the controller we proceed as follows. First, we

found foot placement θ needed to achieve a fixed point of x∗ = {5.0, 1.3}. The corresponding

value is θ∗ = 0.3465 rad. The maximum eigenvalue was 1.33 indicating an unstable gait.

We found the positive definite matrix for the Lyapunov function to be S∗ = diag{1, 11.1} as

described in section 5.4.3. To test the controller, we started with an initial condition at step

0, x0 = {4.20, 1.48}, that is different from the fixed point. The value of the Lyapunov function

for the initial condition is V (∆x0) = (∆x∗
0)TS∗

i∆x∗
0 = 1. Subsequently, the controller ensures

exponential decay of the Lyapunov function, V (∆x1) = 0.1 and V (∆x2) = 0.01.

5.5.2 Example 2: Robustness to height variation

Figure 26 and Table I demonstrate robustness of the OCLF. First, we found foot placement

θ needed to achieve a fixed point of x∗ = {ẋ∗, y∗} = {2.0, 1.3}. The corresponding value is

θ∗ = 0.1603. To test the controller, we introduced a ditch of height 0.2 m. Subsequently, the

state of the system at the apex (step 0) is x0 = {1.957, 1.5085}. Figure 26 shows the evolution

of the state at subsequent steps. The black dashed line indicates the constant total energy

line (TE∗ = mgy∗ + 0.5mẋ∗2) passing through the fixed point (black cross). Initially at step

0 the TE is greater than TE∗, thus energy needs to be dissipated. OCLF achieves this by

using a non-zero force in compression phase (P b) (see Table I, row 1). Thereafter, on step 1,

the TE reaches the constant TE line passing through the fixed point as shown in Figure 26.

The controller then adjusts only foot placement to further reduce the Lyapunov function (see

Table I, row 1).
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TABLE I: Transition for example 2: Robustness to height change. The fixed point of the target
limit cycle is {2, 1.3}. The nominal foot placement angle is 0.1603 rad. A ditch of height 0.2 m is
introduced due to which the system starts with the initial condition, x0 = {1.957, 1.5085}. The
mechanical work done by the actuator due to spring force for the limit cycle is Eki = 795.4332
J and MCOTi = 0.7533.

k i xk θ P b P t Ek − Eki Eb Et MCOT

0 1 {1.957, 1.5085} 0.14823 941.2727 0 54.4924 153.3961 0 0.89718
1 1 {1.8279, 1.3412} 0.13238 0 0 49.7985 0 0 0.81926
2 1 {1.9578, 1.3166}
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Figure 26: Example 2, robustness to step down. A step down leads to increase in apex height
because the height is measured relative to the ground. The black cross indicates the fixed point.
The dashed line indicates the constant total energy, sum of kinetic and potential energies, that
passes through the fixed point. The blue region indicates the ROA. The red dots indicate the
system state at each step. The figure demonstrates how OCLF is able to tackle an external
disturbance.
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5.5.3 Example 3: Transitioning between limit cycles with and without actuator

bounds

Figure 27 illustrates how to switch between limit cycles using funnels. The model starts

at the fixed point {2, 1.2} and needs to end at the fixed point {5, 2}. We create limit cycles

for these two fixed points and estimate their ROA. We also create additional limit cycles and

estimate their ROA. We need a total of 3 more limit cycles such that fixed point of one limit

cycle is in the ROA of the subsequent limit cycle so that transitions are possible. Table II

shows the 5 limit cycles, the foot placement angle, associated energy, and mechanical cost of

transport.

We considered two cases: (a) no actuator bounds and (b) with actuator bound of 12mg

in the prismatic actuator. Figure 27 shows the evolution of the state at the apex between

successive steps while Table III shows in addition, the control strategy and energy usage. We

can see that for steps 0-2 the state, control, and energy are identical (compare rows 1, 2, and 3

in Table III (a) with those in (b)). Thereafter, the actuator limit kicks in and the convergence

for (b) (with actuator limits) is slower than (a) (no actuator limits). Overall, it takes only 7

steps for (a) but 9 steps for (b) to be sufficiently close to the fixed point of the target limit cycle.

It is interesting to note that for both cases only the thrust force is applied (i.e., P t > 0) in the

first 4 steps to enable fast transition between limit cycles, as this has the effect of adding energy

and speeding up the runner. The MCOT does not change appreciably in the entire transition.
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Figure 27: Transitioning between limit cycles for example 3 for (a) no actuator limits, (b) with
actuator limits. The black cross indicates the fixed point. The shaded region indicates the
ellipsoid estimating the ROA for each limit cycle. The red dots indicate the system state at
each step.
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TABLE II: Limit cycles for example 3, transition controllers

limit cycle, # i xi maximum eigenvalue θ {si1, si2} Eki MCOT

1 {2, 1.2} 1.5958 0.16328 {1, 25} 588.9249 0.6394
2 {2.7, 1.4} 1.7246 0.20813 {1, 6.25} 1040.5214 0.6564
3 {3.4, 1.6} 1.8223 0.25237 {1, 2.7778} 1504.095 0.6446
4 {4.2, 1.8} 1.8846 0.30156 {1, 1.5625} 2003.4739 0.6187
5 {5, 2} 1.9269 0.34897 {1, 1} 2533.3107 0.5987

TABLE III: Transition for example 3: The source state is {2, 1.2} and target state is {5, 2}.
(a) No actuator limits

step #, k limit cycle, # i xk θ P b P t Ek − Eki Eb Et MCOT

0 2 {2, 1.2} 0.10619 0 2561.2099 −516.3278 0 327.0972 0.6985
1 3 {2.5369, 1.4871} 0.14125 0 1960.9835 −409.3977 0 362.1299 0.73876
2 4 {3.239, 1.737} 0.19017 0 2033.0225 −385.6915 0 456.4176 0.71919
3 5 {4.0495, 2.0121} 0.24826 0 1895.4544 −279.4241 0 502.4145 0.69664
4 5 {4.8733, 2.2726} 0.32461 363.5763 0 325.6946 108.6778 0 0.66728
5 5 {4.9688, 2.0898} 0.34128 137.2408 0 176.4281 39.9361 0 0.63788
6 5 {4.9912, 2.0287} 0.34654 45.8814 0 129.3415 13.2341 0 0.62852

(b) With actuator limits.

step #, k limit cycle, # i xk θ P b P t Ek − Eki Eb Et MCOT

0 2 {2, 1.2} 0.10619 0 2561.21 −516.3278 0 327.0972 0.6985
1 3 {2.5369, 1.4871} 0.14125 0 1960.9766 −409.3978 0 362.1286 0.73876
2 4 {3.239, 1.737} 0.19017 0 2033.0298 −385.6945 0 456.4188 0.71919
3 5 {4.0495, 2.0121} 0.25399 0 1017.2232 −252.895 0 271.3035 0.68289
4 5 {4.7062, 2.0638} 0.31812 0 0 91.0704 0 0 0.64186
5 5 {4.9116, 1.965} 0.34044 0 286.4697 −3.8926 0 80.539 0.62526
6 5 {4.9883, 2.0277} 0.34996 0 0 171.1558 0 0 0.63364
7 5 {4.9607, 2.0414} 0.34373 19.6883 0 154.9589 5.7058 0 0.63215
8 5 {4.9949, 2.0173} 0.34752 27.9249 0 120.6562 8.0413 0 0.62679
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5.6 Discussion

We have presented a method for switching between limit cycles based on two key ideas:

(1) use the region of attraction at the Poincaré section to create funnels, and (2) use exponen-

tially stabilizing orbital control Lyapunov function for fast switching between limit cycles. We

demonstrate the approach on a model of running with an axial actuator to control the ground

interaction forces and a hip actuator to control the foot placement position. We show that

a fairly wide range of initial perturbations can converge to within 1% of the fixed point in a

maximum of 2 steps. We also demonstrate the runner can transition from the limit cycle with

a speed of 2 m/s to 5 m/s (a change of 150%) in about 5 steps even with actuator limits.

The use of three control actions (P b, P t, θ) substantially increases the region of attraction

of the model (e.g., the ellipsoid shown in Figure 26). When the two constant forces are assumed

to be zero (i.e., P b = P t = 0) the region of attraction shrinks to a curve (e.g., the total energy

dashed line shown in Figure 26). This special case in which energy is conserved between steps

is called the Spring Loaded Inverted Pendulum (SLIP) model of running (Schwind, 1998).

The use of an orbital control Lyapunov function (OCLF) with exponential stabilization

accelerates the convergence to the fixed point, thus enabling fast switching between limit cycles.

This is a distinct advantage over controllers that impart asymptotic convergence, which is slower

(Grizzle et al., 2001). Another approach is to use a one-step dead-beat control (full correction

of disturbance in a single step) as it gives the fastest switching between limit cycles. However,

we have found in chapter 2 that OCLF can handle a larger range of modeling errors than a

one-step dead-beat control and is thus preferred, especially when implementing on hardware.



CHAPTER 6

CREATING AGILE GAITS BY SEQUENTIALLY COMPOSING

PERIODIC MOTIONS USING SAMPLING-BASED TECHNIQUES

(A significant portion of this chapter is reproduced from a published paper with the following

citation:

Zamani, A., Galloway, J. D., and Bhounsule, P. A.: Feedback motion planning of legged

robots by composing orbital Lyapunov functions using rapidly exploring random trees. In 2019

International Conference on Robotics and Automation (ICRA), pages 14101416. IEEE, 2019.)

6.1 Introduction

For legged robots to achieve mainstream applications, motion planning or planning move-

ment over multiple steps is essential. However, the complex dynamics (e.g., unstable modes,

hybrid dynamics) and the under-actuation (more degrees of freedom than actuators) of legged

robots make motion planning conceptually and computationally quite challenging. In this con-

text, one approach is to have a hierarchical control: first, multiple low-level dynamic controllers

are developed for within-a-step balance control and then, the low-level controllers are combined

to achieve high-level behaviors over multiple steps. Our control framework is based on the same

idea: we use an orbital Lyapunov function (a Lyapunov function defined at the Poincaré section

104
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and is indicative of the step-to-step or orbital stability) to achieve stability of periodic motions

and then combine these periodic motions using rapidly-exploring random trees for planning.

6.2 Background and Related Work

One of the earliest techniques for motion planning was by Raibert and Wimberly (Raibert

and Wimberly, 1984) who used a computer simulation to generate a table of control actions as

a function of the robot states. But such a table was prohibitively large for storage and search

purposes, so they approximated the table with high order polynomials and demonstrated their

approach on a hopping robot. Similarly, Da et al. (Da et al., 2017) used a computer simulation

to create controllers as a function of robot states and terrain height. The data was then input

into a supervised learning framework to learn a control policy, which was then implemented on

a bipedal robot. One issue with these past works are that they do not explicitly minimize an

objective function.

Dynamic programming (DP) is a method for optimal motion planning. The technique relies

on the discretization of the state space and defining a suitable cost function. The prime issue

with this method is that the quality of the results depends on the fineness of discretization,

but for a fine discretization and high degrees of freedom system, the control synthesis becomes

quickly intractable due to high computation and storage cost. The common techniques for

tackling this issue is to make simplifications to the system. For example, Whitman (Whitman,

2013) simplified a humanoid robot into three simple independent models; a sagittal, a lateral,

and a frontal model. Controllers were developed for the individual models and combined during
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run-time using time as the phase variable. Mandersloot et al. (Mandersloot et al., 2006)

discretized the system from one-step to another using the Poincaré section and used this step-

to-step discretization within the dynamic programming framework. Because of the extensive

computations, DP is mostly an offline method.

Model predictive control (MPC) is an online optimization technique that relies on repeatedly

computing the optimal control policy for a given planning time, then implementing only a part of

the planned control policy, followed by replanning as new information becomes available. Park

et al. (Park et al., 2015) considered the problem of a quadruped jumping over randomly placed

obstacles. They first created stable low-level bounding controllers for the quadruped. Then

using the MPC framework, the robot planned apex velocity and step length based on terrain

information, which was then input to the low-level controller. Rutschmann et al. (Rutschmann

et al., 2012) considered MPC but in the context of tracking a foothold position while maintaining

balance on rough terrain for a hopper model.

Our method capitalizes on combining multiple steady state gaits to create motion plans as

illustrated next. Figure 28 (a) shows a limit cycle. Associated with the limit cycle is a fixed

point, an initial condition picked at the Poincaré section (an instance of motion such as apex or

touchdown) that maps onto itself at the Poincaré section of the next step. Let the pink ellipse

denote the region of attraction (ROA) of the fixed point. The ROA represents all the initial

conditions at the Poincaré section that will converge to the fixed point after one or more steps.

Figure 28 (b) shows how multiple limit cycles may be combined to create motion plans. For

example, the fixed point of the ROA E1 is inside the ROA E2. Similarly, the fixed point of
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ROA E2 is inside the ROA of E3. When the system is near the fixed point of E1, switching

the controller to that of E2 will cause the system to move towards the fixed point of E2. Thus,

switching the controllers based on ROA’s is a straightforward method to create motion plans.

This technique was used by Veer et al. (Veer and Poulakakis, 2018; Veer et al., 2017; Veer and

Poulakakis, 2019) to achieve variable speed walking on a bipedal robot and by Cao et al. (Cao et

al., 2015) to achieve gait transition for a quadruped robot. In both works, extensive numerical

simulations were used to estimate the ROA at the Poincaré section. Sampling-based methods

may be used with ROAs to achieve feedback motion planning. For example, Tedrake (Tedrake,

2009) used a linear quadratic regulator (LQR) to stabilize limit cycles and to estimate the ROA

of the LQR controller. For a random point chosen on the state space, LQR-trees inspired by

rapidly-exploring random trees (RRT) were grown towards the limit cycle. The ROAs were

estimated using the sum of squares optimization (Prajna et al., 2002).

In this chapter, we switch controllers at the Poincaré section as done before. However,

unlike previous works, we use an orbital Lyapunov function developed in chapter 2 to assume

a candidate ROA and use trajectory optimization to guarantee exponential convergence of all

initial conditions with the ROA. In chapter 5, we explored composing limit cycles using heuris-

tics to achieve agile gaits. This chapter presents two improvements over our past approach:

(1) use of deep neural networks to learn control policies for fixed points and their ROAs, and

then generalize across multiple fixed points without additional computations, and (2) adopt the

RRT algorithm to reason with ROAs to achieve agile gaits.
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Figure 28: Relation between funnels and limit cycles: (a) A steady state solution or limit
cycle and the corresponding region of attraction at the Poincaré section. (b) Feedback motion
planning by composing regions of attraction based on common overlapping areas to funnel the
systems from one limit cycle to another.

6.3 Model

We use the hoping model described in section 4.3.5 of chapter 4.

6.4 Preliminaries

6.4.1 Poincaré map and limit cycle

Given the state at the apex at step k, xk = {ẋ, y}, and the control actions, uk = {θ, P b, P t},

we compute the state at the next step,

xk+1 = F (xk,uk). (6.1)
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The ith limit cycle is found by fixing xk+1 = xk = xi and searching for uk = ui = {θ, P b =

0, P t = 0} such that

xi = F (xi,ui). (6.2)

6.4.2 Orbital Lyapunov Function (OLF)

We define a Lyapunov function for the ith limit cycle at the Poincaré section (F ) as follows

V (∆xik) = (∆xik)
TS∆xik = (xk − xi)

TS(xk − xi) (6.3)

where the positive definite matrix S = diag{ 1

s2
1

,
1

s2
2

}.

An exponentially decaying condition on the Lyapunov function can be expressed as

V (∆xik+1)− V (∆xik) ≤ −αV (∆xik), (6.4)

where 0 < α ≤ 1 is the rate of decay of the Lyapunov function between steps.

6.4.3 Region Of Attraction (ROA)

The Region Of Attraction (ROA), R, of the controller is the set of all initial conditions xk

that would converge to the corresponding limit cycle xi over one or more steps. The region of

attraction is defined by the level set c from the equation (xk−xi)
TS(xk−xi)− c =. In general,
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the value of c is constrained by actuator limits or kinematic limits. We choose the constant

c = 1 (a design choice) to ensure that the biggest switch in velocity is 2c = 2 m/s.

6.5 Methods

6.5.1 Trajectory optimization for a given initial condition

For a given initial condition xk 6= xi at the Poincaré section, we solve the following trajectory

optimization problem

minimize
uk

MCOT (6.5)

subject to: xk+1 = F (xk,uk) (6.6)

V (∆xik+1)− (1− α)V (∆xik) ≤ 0 (6.7)

where MCOT is the Mechanical Cost Of Transport and is defined as the energy used in a step

(Estep) per unit weight (mg) per unit distance traveled in one step (D)

MCOT =
Estep
mgD

Estep = Ek + Eb + Et

=

∫
step

(
|k(`0 − `) ˙̀|+ |P b ˙̀|+ |P t ˙̀|

)
dt. (6.8)

where Ek, Eb, and Et are mechanical work done by the axial actuator to simulate a springy

leg, constant compression force, and restitution force respectively. We solve the optimization

problem defined by Equation 6.5-Equation 6.7 using single shooting method (Betts, 2010). One
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caveat in the optimization problem formulation is that there is no formal guarantee that the

optimization problem will converge to a feasible solution, but our experience has been that when

the control actions (e.g., foot placement, brake force, thrust force) have a fairly independent

effect on the system state, which is a measure of the controllability of the system in sense, the

optimization problem generally converges to a feasible solution without any issues.

6.5.2 Overview of the feedback motion planning approach

6.5.2.1 Trajectory optimizations for sampled initial conditions within the ROA

for multiple limit cycles

First, we solve the trajectory optimization problem defined in section 6.5.1 for a given limit

cycle xi and for multiple initial conditions chosen within the ROA (xk−xi)
TS(xk−xi)−1 < 0.

We also store the fixed point of the limit cycle xi, the initial conditions xk, and the corresponding

control actions uk. This process is repeated to generate control actions for ROAs for multiple

limit cycles as shown in Figure 29 (a).

6.5.2.2 Filling state space with regions of attraction and associated stabilizing

controllers followed by feedback motion planning using rapidly-exploring random

trees

We use the stored data to find a control policy for each control action as a function of the

fixed point and initial conditions, uj = fj(xi,xk) where j = 1, 2, 3 correspond to the three

control actions for the hopper. We use deep neural networks to estimate the functions fj .

Chapter 4 informs the choice of neural networks for the fj . We can use the functions fj to

predict the control actions for a randomly chosen fixed point at the Poincaré section. The
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Figure 29: Our control framework: (a) generate controllers to create regions of attraction
for multiple fixed points using trajectory optimization; (b) use deep learning to develop control
policies for other fixed points (grey ellipses) to fill the state space and then use overlaps between
ROAs for motion planning from start point to goal point.

resulting function fj is validated for ROAs of multiple fixed points as shown by grey ellipses in

Figure 29 (b). Next, we plan transitions using rapidly-exploring random trees (RRT). The key

idea is to switch at the Poincaré section (i.e., at the apex for the hopper model) by reasoning

with the overlap between the ROA of two limit cycles.
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Figure 30: Pictorial depiction of the RRT algorithm
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Algorithm 2 GENERATE RRT(xinit,xgoal, δẋ, δy,NP )

1: T.init(xinit);
2: for p = 1 to NP do
3: xrand ← RANDOM STATE();
4: xnear ← NEAREST NEIGHBOR(xrand, T );

{NOTE: xnear = xk}
5: xfixed ← NEW FIXED POINT(xnear,xrand, δẋ, δy);

{NOTE: xfixed = xi}
6: unear ← SELECT INPUT(xfixed,xnear)

{NOTE: unear = uk, SELECT INPUT isfj ,
uj = fj(xfixed,xnear), j = 1, 2, 3.}

7: xnew ← SIMULATION(model,xnear,unear)
{NOTE: xnew = xk+1}

8: T.add vertex(xnew);
9: T.add edge(xnear,xnew);
10: if |xnew − xgoal| < min(δẋ, δy) then
11: break;
12: end if
13: end for

We present the modified RRT algorithm (LaValle, 1998) in Algorithm 2 and a pictorial

depiction is in Figure 30. We restrict the algorithm to the hopper model and to the region

of attraction described by the major and minor axes on the x and y directions, but is easy

to adapt to other cases. The inputs to the models are: the initial state xinit, the goal state

xgoal, the major and minor axes of the ellipse as given by δẋ = s1

√
c and δy = s2

√
c, and

maximum number of nodes allowed Np. The tree is denoted by T . At item number 3, we

generate a random state xrand using the function RANDOM STATE(). At item number 4, we

use the function NEAREST NEIGHBOR() to search for the nearest state xnear on the existing

tree using the Euclidean distance. We compute the direction from the nearest point on the
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tree to the random point as φ = tan−1((yrand − ynear)/(ẋrand − ẋnear)) (see Figure 30 (a)).

Next at item number 5, the function NEW FIXED POINT() is used to choose a fixed point

xfixed = xnear+∆xnear where ∆xnear = {δẋ cos(φ), δy sin(φ)} (see Figure 30 (b)). Next at item

number 6, we use the SELECT INPUT() function, which is the same as the neural networks

identified in section 6.5.2.2 to choose control actions unear. Next at item number 7, we use the

function SIMULATION(), which is a forward simulation of the model, to grow the tree to the

point xnew (see Figure 30 (c)). At item numbers 8 and 9, we add xnew as a vertex and connect

it to xnear to form an edge on the tree T. We terminate the algorithm if the xgoal is within the

region of attraction of xnew as shown at item number 10. In summary, the key modifications

to the original RRT algorithm are: (1) at item number 5 where the randomly chosen direction

is used to choose a fixed point, and (2) at item number 7 where forward simulation is used

to update xnew. Unlike the static RRT, popular for path planning without dynamics, we do

feedback motion planning because xnew is obtained from xnear (feedback) and using the system

dynamics. Once the tree T is built, we search it backwards from the goal to the start to find a

feasible path.

6.6 Results

We present results for the hopper model described in section 6.3. As mentioned earlier, the

Poincaré section is at the apex. There are two state variables at the apex xk = {ẋ, y} and three

control actions uk = {θ, P b, P t}. The parameters for the orbital Lyapunov function are s1 = 1

and s2 = 0.3, and the rate of convergence α = 0.9.
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6.6.1 Trajectory optimizations for ROAs of multiple limit cycles

We choose the following 7 limit cycles characterized by fixed points xis; {2, 1.3}, {2, 1.6},

{3, 1.5}, {4, 1.4}, {4, 1.6}, {5, 1.4}, and {5, 1.6}. We chose 105 initial conditions in the ROA

for each limit cycle, totaling 105 × 7 = 735 points. For each point, we solve the optimization

problem specified in section 6.5.1. We use the non-linear optimization software SNOPT (Gill et

al., 2002) and single shooting method using ode113 in MATLAB. On average each optimization

took about 15 seconds on a laptop (circa 2012). Clearly, the optimization speed is too slow for

real-time implementation. This necessitates offline computation of the control policy as given

next.

6.6.2 Training the control policy

We use the data from the 7 limit cycles to train three neural networks, each corresponding

to a control action (θ, P b, and P t). Each neural network has 12 hidden layers and is trained

using Levenberg-Marquardt algorithm with mean squared error as the performance criterion.

The inputs to the neural networks are the limit cycles {ẋi, yi} (i = 1, 2, 3, ..., 7), the k perturbed

initial conditions at the Poincaré section {ẋk, yk}, and the corresponding control actions uk,

where k = 1, 2, 3, ..., 735. Note that we could have also used a single neural network to map the

three control actions (outputs) to the two states (inputs).

6.6.3 Testing the control policy

We describe how we test the control policy using the forward simulation. We choose a

random limit cycle xi and 451 random initial conditions xk within the ROA for that limit cycle.

Then, using the control law found earlier, we simulate the system for a single step starting from
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each initial condition. Figure 31 shows the results for 3 limit cycles as a histogram of the

percentage of points (total of 451) that lie within the various level sets of the orbital Lyapunov

function after one step. Note that only (a) is within our training range but (b) and (c) are

outside the training range, yet the test shows that all initial conditions are reduced to within

V (xk) < 0.3. We also check that none of the initial conditions lead to an increase in V at the

subsequent steps. This verifies (using limited samples) that the chosen control policy is able to

perform satisfactorily.

(a) (b) (c)

Lyapunov function after 1 step (V) Lyapunov function after 1 step (V) Lyapunov function after 1 step (V)
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Figure 31: Testing the neural networks on 451 initial conditions inside the region of attraction
for randomly chosen limit cycles. The histogram shows the percentage of the initial conditions
that are within the ellipse after one step V (xk) = c, (a) {3.5, 1.3} (b) {2, 1.7}, (c) {7, 1.3}.
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6.6.4 Feedback motion planning

We present the results for the feedback motion planning using the RRT discussed in Algo-

rithm 2. We considered two scenarios: changing only the velocity as shown in Figure 32 and

changing the velocity and the height as shown in Figure 33. We discuss these next.

First, we consider the problems of keeping the start and goal apex heights constant, but

changing the start and goal apex horizontal velocities as shown in Figure 32. The cross denotes

the start state and the solid circle indicates the goal state. The algorithm terminates when

V (xk) < 0.1 for the fixed point at the goal state. Both these scenarios take 5 steps for the

transition. The corresponding control actions uk are shown in Figure 32 (c) and (d) with forces

P t and P b multiplied by 0.001. To increase the velocity, the restitution force P t is non-zero

while the compression force P b is zero. This is expected because to increase the velocity, energy

needs to be supplied to the system, which comes from providing a non-zero restitution force.

The roles of the forces are swapped for decreasing the velocity as expected by following the

reverse logic. The foot placement angle shows a steady increase for increasing apex forward

velocity (c). This can have the effect of increasing the apex height, while reducing the apex

forward velocity without changing the total energy of the system (Hodgins and Raibert, 1991).

However, from (a) it can be seen that the apex height is decreasing. This suggests that the foot

placement angle control is compensating for the increased restitution force, which may increase

both the apex horizontal velocity as well as the apex height. A decreased foot placement angle

in (d) can now be reasoned by reversing the logic.
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Second, we consider the problems of changing both the start and goal apex heights and

horizontal velocities. In Figure 33 (a), the objective is to increase the apex horizontal velocity

and apex height while in Figure 33 (b), the objective is to decrease the apex horizontal velocity

and increase apex height. The first objective is achieved in 5 steps, while the second in 6

steps as shown. The trends in forces are similar to those in Figure 32 and follow similar logic

as before. The increase in foot placement angle in (c) provides a means to increase the apex

height, but the decrease in foot placement angle in (d) is a mechanism to compensate for the

increased compressive force P b as noted earlier too.
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Figure 32: Results for feedback motion planning: (a,c) increasing apex horizontal velocity and
(b,d) decreasing apex horizontal velocity, both for constant start and goal apex heights. Note
that the angle is in radians and force is in N.
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Figure 33: Results for feedback motion planning: (a,c) increasing apex horizontal velocity and
apex height, and (b,d) decreasing apex horizontal velocity and increasing apex heights. Note
that the angle is in radians and force is in N.

6.7 Discussion

We have presented a framework for feedback motion planning of legged robots by composing

periodic gaits using regions of attraction and rapidly-exploring random trees. The efficacy of

the approach was demonstrated using a hopper model in tasks involving increasing/decreasing

the apex horizontal velocity and apex height.

The key benefit of our sampling-based approach for motion control is that we start by

assuming a Lyapunov function and region of attraction and then find a control policy that



120

validates our assumption. This is in sharp contrast to existing approaches that start with a

control policy, usually a linear one (e.g., linear quadratic regulator (Tedrake, 2009)), and then

estimate the largest region of attraction. Depending on the assumed control policy and the

nonlinearity in the dynamics, the existing methods may lead to a small region of attraction,

which may significantly affect the motion planning. Furthermore, we are also able to ensure

quick transitions by enforcing an exponential convergence condition on the orbital Lyapunov

function.

Existing approaches of using a moving Poincaré section and estimating the region of attrac-

tion along the trajectory (Manchester, 2011) solve a trajectory tracking problem. In contrast,

we are able to convert the traditional trajectory tracking problem into a regulation problem

by doing step-to-step control using the Poincaré section. The latter is computationally cheaper

and simpler than the former.

The average time taken by the trajectory optimization is 15 seconds per initial condition.

This is too slow for online optimization. However, by using offline optimization for the control

actions over multiple regions of attraction followed by regression to find a control policy, we are

able to create a compact policy that is easy to store and use on hardware.



CHAPTER 7

A COMPUTATIONAL APPROACH FOR ONLINE PLANNING OF

HOPPING MODEL ON STEPPING STONES USING APPROXIMATE

STEP-TO-STEP DYNAMICS

(A significant portion of this chapter is reproduced from an accepted manuscript with the

following citation:

Zamani, A. and Bhounsule, P. A.: Nonlinear model predictive control of hopping model

using approximate step-to-step models for navigation on complex terrain. In 2020 IEEE Inter-

national Conference on Intelligent Robots and Systems (IROS), 2020.)

7.1 Introduction

The ability to use discrete footholds to move around makes legged robots superior to wheeled

robots on terrains with obstacles and ditches. However, planning and control of legged locomo-

tion on such terrain presents a formidable computational challenge because of the complexity

of locomotion dynamics (i.e., continuous and discontinuous dynamics) and the complexity of

the terrain. Furthermore, if an objective function such as a cost metric is to be optimized,

there is an added computational burden of evaluating multiple feasible solutions to determine

the best one. In this work, we address the problem of navigating a series of stepping stones, a

121
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Terrain with stepping stones

Chosen footholds

Hopper

Planning horizon

Vision 
   sensor

Figure 34: Conceptualization of the problem: The hopper has to negotiate a terrain consisting
of stepping stones (gray rectangles). At mid-flight, the hopper plans the optimum strategy and
the optimal steps for a planning horizon (yellow patch), then executes the optimum strategy
for the first step until the next mid-flight. Then the hopper replans as before continuing the
process until it finishes crossing the terrain.

benchmark problem in dynamic legged locomotion, while optimizing an objective (e.g., energy,

time) while taking into account the robot dynamics during the planning phase.

We consider a realistic scenario that a robot might be subjected to and is shown in Figure 34.

Here the robot can see a fixed distance ahead with an onboard vision sensor. The robot then

plans the optimum number of steps and control strategy for that fixed distance ahead (planning).

Next, the robot implements the control strategy for a few steps (control). Subsequently, the

robot previews the next horizontal distance and the process continues until the robot reaches

the end of the terrain. This formulation of the problem is well known as receding horizon

control or model predictive control
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7.2 Background and related work

We limit the review to work done in the area of legged locomotion on complex terrain

consisting of obstacles or stepping stones.

A computationally simple approach is to follow a two-tier approach. First, a planner chooses

footsteps that enable the robot to go from start to goal and second, a controller that controls

the robot to move on those footholds. This method is computationally attractive because the

planner only works with the complexity of the terrain and does not consider robot dynamics

while the controller is only concerned with the robot dynamics and not the terrain complexity.

Chestnutt et. al. (Chestnutt et al., 2005) used an A-star planner that minimizes heuristics for

effort, risk, and/or number and complexity of steps taken to plan footsteps from start to goal.

Huang et. al. (Huang et al., 2013) minimized the energy usage which they parameterized by

step length, step width, and step steering in addition to the terrain profile within an A-star

planning approach and then solved the footstep planning problem.

The main issue with this two-tiered approach is that the footstep planner does not consider

the dynamics of the locomotion and hence there is no guarantee that the plan can actually be

implemented. Moreover, since the planner is based on heuristics rather than actual costs (e.g.,

energy, time), the resulting solution is always sub-optimal.

A more complex but favorable approach is to find all feasible solutions considering the

dynamics of the robot. These feasible solutions are enumerated as discrete control actions.

Then using these discrete control actions and with a suitable planner, footholds are planned.

Paris et. al. (Paris et al., 2016) considered the dynamics of the quadruped to map out the
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reachable states from one step to the next. These reachable states were then searched within

an A-star framework to plan jumps on rolling terrain. Campana and Laumond (Campana and

Laumond, 2016) used a similar approach to first map out the feasible motion from step to

step followed by footstep planning using probabilistic roadmaps (PRM). The advantage of this

approach is that the footstep planner uses feasible solutions only. The disadvantage of using a

sampling-based approach like A-star or PRM is that they do not handle boundary conditions

that well (e.g., final state specified).

Some other works have focused on finding optimal controllers for a given foot placement

locations. Rutschmann et. al. (Rutschmann et al., 2012) considered the problem of navigating

a hopper on a series of pre-assigned footholds using model predictive or receding horizon control.

The hopper plans for two steps in succession, but implements only one step and then replanning.

Thereafter, the process continues until the hopper reaches the end of the terrain. Nguyen et.

al. (Nguyen et al., 2016) considered the problem of a biped robot walking on a series of pre-

assigned footholds using a control Lyapunov function for biped stability and control barrier

function for proper foot placement.

Continuous optimization-based methods overcome boundary value problems. These are

optimization formulations where the states and control actions are continuous variables. Con-

tinuous optimizations are generally used for trajectory optimization but may be extended to

incorporate terrain profile and obstacles. Deits and Tedrake (Deits and Tedrake, 2014; Aceituno-

Cabezas et al., 2016) considered the problem of a humanoid robot navigating a series of stepping

stones. The continuous optimization formulation was based on kinematic reachability and avail-
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ability of footholds. The resulting problem is a mixed-integer problem because each foothold

needs to be placed only on one of the possible stepping stones. Furthermore, all the non-

linearities were convexified, thus the problem could be solved relatively fast. However, their

formulation does not consider the dynamics of the system. More recently Ding et. al. (Ding et

al., 2018) considered the problem of legged robot jumping on an obstacle course. They also for-

mulated a mixed-integer convex program and took into account the reachable space, dynamics,

obstacles, and ground reaction forces by suitable approximations to speed up computations.

Our approach is also based on continuous optimization. Like some of the past approaches, we

use the step-to-step model to first ascertain the reachable space. This step-to-step model is then

approximated by a polynomial model to enable fast computation. The optimization formulation

avoids integer variable by specifying a terrain cost that is added onto the cost of locomotion

(i.e., the cost of transport, energy used per unit distance moved per unit weight). The resulting

optimization problem is solved within a model predictive control framework where the robot

scans a fixed distance ahead, then plans footholds, controls, and number of steps, implements

the solution for the first step and continues the process until it reaches the end of the terrain.

Our novel contributions are: (1) model predictive control framework that incorporates the

terrain as a cost avoiding integer constraints, and (2) approximating the step-to-step dynamics

with polynomials to enable fast calculations.
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Figure 35: Dynamical systems tools use for analysis: A Poincaré section is an instant in the
locomotion cycle (e.g., mid-flight phase for hopper). The state at ith step, zi chosen at the
Poincaré section. After applying controls ui during the step, the system ends at the state zi+1

after one step. There is a function F that relates the states and controls at step i to the state
at step i+ 1.

7.3 Methods

7.3.1 Poincaré section and Poincaré map

We define some preliminaries that are used to analyze and consequently develop controllers

for legged systems. Figure 35 (a) (red solid line) shows the trajectory of the robot in state

space. We define the Poincaré section as an instant or event in the gait (e.g., the apex event

occurs when the vertical velocity is zero during the flight phase for a hopper). We choose an

initial condition at the Poincaré section at step i, zi, and trace its movement on the application

of control ui for a single step. At the Poincaré section at step i + 1, the state of the robot is
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zi+1. There is a function F, known as the step-to-step map or Poincaré map that relates robot

state between steps given by

zi+1 = F(zi,ui). (7.1)

In most cases, there is no analytical solution to the Poincaré map F. Hence once resorts to

numerical simulation to obtain zi+1 (output) given the state zi and control ui (inputs). The

numerical integration leads to a computational bottleneck for real-time control.

7.3.2 Approximation of the Poincaré map

One of the contributions of this paper is to create and then use an approximation of the

Poincaré map (F ) for control. There are two stages as shown in Figure 36 to find an approx-

imation of the Poincaré map. First, for data generation, we choose a range of initial states

on the Poincaré section (zi) and a range of control actions in the step (ui). Next, we use the

forward simulation of the system given by zi+1 = F(zi,ui), to obtain the numerical value for

the system state at the next step zi+1. We show these points as blue dots in Figure 36 (a).

Some of these inputs will lead to a failure, i.e., the state at the next step zi+1 is not defined. We

ignore these initial conditions in our curve fitting. Second, for data fitting, we use a suitable

defined regression model (F ) to fit the data as shown by the gray plane in Figure 36 (b). Thus,

our approximate model is

zi+1 = F (zi,ui). (7.2)
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Approximated 
Poincaré map ( F ) Sample points -

(a) Data generation (b) Data fitting

Regression

Figure 36: Regression to approximate the Poincaré map function F : (a) Data generation: For a
range of values of (zi,ui) at the Poincaré section, we use the forward simulation to generate the
robot state at the next step zi+1, shown by blue dots on the left plot. (b) Data fitting: Using
an assumed regression model (e.g., 2nd order polynomial), we fit an approximate function to
the Poincaré map F, i.e., zi+1 = F(zi,ui), shown by the gray plane.

7.3.3 Stepping stones terrain

Another contribution of the paper is the incorporation of the stepping stones terrain with the

optimization. Figure 37 (a) shows an example terrain consisting of stepping stones. The gray

areas are the allowed foothold positions. Previous formulations stipulated the stepping areas

as feasible regions and then found foot locations within those feasible regions, thus converting

the problem to a mixed-integer problem.

Here we avoid specifying the stepping stones as a constraint, but specify a terrain cost as

shown in Figure 37 (b). We specify a high cost for stepping into the gaps between the stepping

stones. We fit a cubic spline to the cost. This formulation is computationally efficient because
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Figure 37: Incorporating the terrain profile as a cost: (a) Stepping stones are shown with
gray rectangles and ditches are in the white spaces between the stepping stones. For feasible
movement all footholds should be on the stepping stones. (b) We model the terrain with
piecewise cubic polynomials. The cost on the stepping stones is zero and increases in the
ditches.

it does not need to use branch-and-bounds as needed in mixed-integer problems and also allows

us to use nonlinear optimization solvers.
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7.3.4 Non-linear model predictive control problem formulation

The nonlinear model predictive control (MPC) optimization problem uses a nonlinear cost

function consisting of the mechanical cost of transport (MCOT) and the terrain cost

min
N,ui,xci

i=N∑
i=1

Ei(ui)

mg × xN
+
i=N∑
i=1

C terrain(xci)

subject to: zi+1 = F(zi,ui) (or F ) (7.3)

u min < ui < u max

x0 = 0;

xN = d horizon;

ẋ0, y0 are specified.

where i = 1, 2, ..., N is the planning horizon up to N steps noting that N is a decision

variable, there are three controls at each step, ui =

[
θ P b P t

]
i

thus a total of 3N decision

variables, and the foot locations xci, a total of N decision variables. Also, the mechanical energy

per step is Ei =

∫
(|k(`− `0)d`|+ |P td`|+ |P bd`|), C terrain(xci) is the terrain cost as explained

in section 7.3.3, and d horizon is distance the robot can see and thus plan.

This problem can be solved as a parameter optimization problem. Since the decision vari-

ables depend on N , it is not possible to simultaneously optimize N as well as other decision

variables. Thus, the optimization has two loops. In the outer loop we optimize N and in the

inner loop (for a given N) we optimize the other decision variables. Since planning horizon
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(d horizon) is short and there are bounds on the maximum and minimum step length, this often

leads to solving for only a few number of steps (typically 2 or 3) so it can be done quite fast.

We use SNOPT (Gill et al., 2002) to solve the problem either with the exact model F or with

approximate model F . Then we choose the control for the first step and implement on the

forward simulation and repeat the calculation until we reach the end of the terrain.

7.3.5 Model

We use the same model of hopping described in section 4.3.5 of chapter 4. We non-

dimensionalize by dividing the variables with the terms given as follows: distance and leg

length by `0, time by
√
`0/g, velocity by

√
g`0, acceleration by g, and force by mg. Thus, the

equations of motion in the flight phase are

ẍ = 0, ÿ = −1 (7.4)

and in the stance phase (in polar coordinates) are

῭= `θ̇2 − cos θ + F `θ̈ = −2 ˙̀θ̇ + sin θ (7.5)

7.4 Results

7.4.1 Computer simulator

We built the forward simulator using MATLAB 2018b. It involves simulating a single step

using phases/event stated in Figure 16 and Equation 7.4 and Equation 7.5. We integrate these
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equations using dop853 (Hairer et al., 2000), a higher order Runge-Kutta method with an

adaptive step size. The integrator is written as a C file and called by MATLAB through the

MEX interface. This makes the simulation reasonably fast. The integrator tolerance is set

10−13. The integrator also has an in-built function events to detect a change in phase. Since we

treat the simulator as a black-box, we also put checks to detect simulation failure. We consider

the robot has failed if it meets any of the following conditions: (1) the horizontal velocity (ẋ) is

negative indicating falling backward; (2) the height of the point mass (y) is below the ground;

(3) during take-off from the ground, the vertical velocity is negative (ẏ take-off < 0); and (4) at

the apex of the flight phase it meets the following condition, y apex-of-flight-phase < `0. The last

condition ensures that there is sufficient ground clearance for the swing leg. The only free

parameter is β =
kl0
mg

= 40.

7.4.2 Polynomial approximation of the Poincaré map and others

7.4.2.1 Data generation

As mentioned in section 7.4.2 we need to approximate the Poincaré map. Our data range

for the inputs are: apex horizontal velocity in the range 0.5 ≤ ẋi ≤ 2 in 0.1667 increments; apex

height in the range 1.01 ≤ yi ≤ 1.5 in 0.05 increments; foot placement angle in the range 2◦

(0.035 rad) ≤ θi ≤ 45◦ (0.7854 rad) in 4.77◦ (0.0833 rad) increments; constant braking force in

the range 0 ≤ P bi ≤ 7 in 0.7778 increments; and constant thrust force in the range 0 ≤ P ti ≤ 7

in 0.7778 increments. This generates 100, 000 input data points {ẋi, yi, θi, P bi , P ti }. For each

input data point, we run a forward simulation (see section 7.4.1) and save the output data,
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{ẋi+1, yi+1}. Out of these 100, 000 data points, the robot failed 68, 260 times and successfully

took a step 31, 740 times. This means that we only have 31, 740 data points to fit a closed-form

expression. We use 75% or 23, 805 successful steps for training and the rest 25% or 7, 935 for

testing. Each of the two outputs ẋi+1 and yi+1 is curve fitted to the inputs, zi = {ẋi, yi} and

ui =

{
θi P bi P ti

}
.

We also save other auxiliary data such as mechanical energy per step Ei, time from apex to

touchdown, time for stance, time from takeoff to apex, and step length.

7.4.2.2 Data fitting

We use a second order polynomial to fit the Poincaré map for each of the two outputs

ẋi+1 and yi+1. Each polynomial has 21 constants. We use MATLAB function lsqnonlin to fit

each polynomial. In our testing, we found that 94.2% and 96.1% of the fit for the horizontal

velocity and height at the apex, respectively, were within 90% accuracy. It is accepted that 90%

accuracy is reasonably good for approximating the model for high fidelity control (Schwind and

Koditschek, 2000).

In addition, we fit the auxiliary data with a third order polynomial. In our testing, we

found that 93.1% fit for mechanical energy, 97% fit for time from apex to touchdown, 93.2% fit

for time for stance, 92% for time from takeoff to apex, and 93.7% of the step length was within

90% accuracy.
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7.4.3 Optimizations

For all optimizations, the robot starts at apex with initial forward velocity and height of

ẋ0 = 1 and y0 = 1.1. The stepping stones were randomly assigned as shown in Figure 38. We

did three optimization runs.

7.4.3.1 Baseline optimization

We performed the optimization in section 7.3.4 but with xN = d length and with the exact

Poincaré map F (i.e., obtained from integration). This is the baseline simulation that we can

use to compare our model predictive control results.

7.4.3.2 Model predictive control

We did two model predictive control optimizations. Both of these with xN = d horizon = 4

m. The only difference is one used the exact Poincaré map F (MPC with exact model) and the

other used the approximate Poincaré map F (MPC with approximate model).

7.4.3.3 Optimization results

Figure 38 shows results for baseline in (a), MPC with exact model in (b), and MPC with

approximate model in (c). Each plot shows (1) the number of steps (2) the footstep locations,

(3) the vertical height, and (4) the horizontal velocity for the terrain. All three runs produced

the same number of steps and approximately the same step locations. However, these solutions

differed in the kinematics; the baseline and MPC with exact model had faster speeds and lower

jump height compared to MPC with approximate model.

Figure 39 shows the braking force in (a), the thrust force in (b), the foot placement angle

in (c), and the Mechanical Cost of Transport in (d) as a function of step number. The braking
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Figure 38: Kinematic data for the stepping stones terrain: (a) Baseline with exact model (b)
MPC with exact model, and (c) MPC with approximate model. The stepping stones terrain
is shown as gray blocks. The foot placement location is shown as a brown dot on the gray
blocks. The trajectory is shown for each of the optimization cases with the apex velocity and
apex height at step i marked as (ẋi, yi).
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force is responsible for extracting energy from the system. It can be seen that MPC with

approximate model has a higher average force than baseline which is greater than MPC with

exact model. The thrust force is responsible for adding energy to the system. It can be seen

that baseline provides on average a greater thrust force than the MPC with approximate model

which is greater than MPC with exact model. The foot placement angle is almost the same

except at the end where MPC has a larger foot placement angle compared to the baseline.

Finally, the MCOT indicates that the baseline is the cheapest after MPC with exact model and

finally MPC with approximate model. However, the MPC with approximate model is within

25% of the baseline energetics. These results indicate that MPC formulations give results close

to the baseline. Furthermore, the approximate model does reasonably well in terms of control

and energetics when compared with baseline and exact models.

Overall, the MCOT for baseline is 0.085, MPC with exact model is 0.092, and MPC with

approximate model is 0.11. These results indicate with limited planning such as in MPC the

solution is 10% worst than the baseline solution where the entire terrain is known in advance.

Also, the MPC with approximate model with 10% modeling error is within 20% of the exact

model. We found that optimization time for MPC with approximate model is always faster

than MPC with exact model. The speedup is between 2 and 4. This can be notable when

real-time planning using MPC is desired.
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Figure 39: Controls and energetics for the stepping stones terrain: (a) braking force P bi , (b)
thrust force P ti , (c) foot placement angle θi, and (d) Mechanical Cost of Transport MCOTi.
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7.5 Discussion

In this paper, we have shown that model predictive control (MPC) framework is a viable

approach for control of legged locomotion on stepping stones terrain; MPC performs as well

as a baseline (ideal) controller that plans the entire terrain before execution in terms of ener-

getics and optimal solution. Furthermore, approximating the step-to-step dynamics with low

order polynomials enables faster planning than using the exact model based on integrating the

equations of motion.

Our MPC formulation is unique in a few ways. We plan a fixed distance ahead compared

to a few steps ahead. The former is the natural choice when we are optimizing the Cost of

Transport which is based on distance rather than number of steps. We incorporate the terrain

as a cost compared to other formulations where it is incorporated as a constraint. In our cases,

the resulting optimal control problem has all real numbers while in the latter there are integers

and real values making it a relatively harder optimization (Deits and Tedrake, 2014).

Using a continuous-time based formulation we are able to satisfy the boundary conditions

(e.g., position, velocity constraint) which is not possible with sampling-based formulation (e.g.,

A-star, Rapidly exploring random trees). However, one caveat is that we need to do multiple

optimizations for different step numbers to find the optimal step number. This is usually not a

problem with a small preview window as we have in MPC formulations.

MPC is an attractive approach for movement on stepping stones due to its anticipatory

nature. However, it is paramount that the computations are done quickly since it is an online

method. Since planning the control over continuous time is time consuming we use step-to-step
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models, computed offline, for online control. These models help to map the reachable space

over one step. Another advantage is that these maps are continuous functions of the states

and control and thus can be approximated using low order polynomials as done here. Once

we have these low order polynomials, real-time planning is feasible. Also, since the plans are

computed once per step, they can be evaluated at a lower speed, about half step time, by

modest computational resources.



CHAPTER 8

CONCLUSIONS AND FUTURE WORKS

This chapter presents a summary of the author’s effort toward increasing stability and agility

of legged robots and possible directions for future work.

8.1 Summary

We presented the orbital control Lyapunov function (OCLF) for exponential stabilization of

the simplest walker in chapter 2. Our control framework could significantly enlarge the basin of

attraction and enhance the robustness over passive dynamic walking. We also designed a one-

step dead-beat controller and an eigenvalue-based controller and compared their performance

to the OCLF controller. Our results showed that all three controllers led to the same robust-

ness as checked by calculating the average number of steps the model could successfully walk

without failure. The dead-beat controller was more energy-efficient and had lower maximum

torque than the OCLF controller, but was more sensitive to modeling errors. The OCLF con-

troller performed better than the eigenvalue-based controller for the same rate of convergence

in terms of energy efficiency and maximum torque. Our findings demonstrated that the OCLF

controller with proper rate of convergence can offer a good compromise among energy-efficiency,

robustness, and sensitivity to modeling errors.

In chapter 3, we modified the simplest walking model described in chapter 2 by adding a

hip spring and a telescoping linear actuator. We examined how foot placement control and

140
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ankle push-off control affect the stabilization of bipedal gaits considering two stability criteria,

the one-step dead-beat stabilization and the OCLF stabilization. To this end, we did a forward

simulation of the model walking on uneven terrain consisting of either step up or step down.

Our results showed that the model was able to successfully walk more steps for step down

disturbance than step up disturbance. For step down disturbance, the control strategy was to

decrease the ankle push-off or to increase the foot placement angle, but for step up disturbance

the control strategy was to maintain the same ankle push-off or to decrease the foot placement

angle. We also found that it is more energy-efficient to utilize the ankle push-off control for

step down disturbance and the foot placement control for step up disturbance.

Chapter 4 presented a data-driven framework to find control policies for an assumed region

of attraction at the poincaré section that guarantees exponential convergence to the nominal

motion using an orbital Laypunov function. We used a model of hopping to test our framework.

We performed trajectory optimization for sampled points in the region of attraction to find

control actions followed by tabulating the initial conditions and associated control actions.

We then used regression and deep learning neural networks to fit a control policy for each

control action as a function of initial states. The control policy was verified using a finer

grid, and robustness checks to unmodeled dynamics, noisy sensors and actuators, and external

disturbance were carried out. Our framework was able to find control polices, mostly nonlinear

ones, for the assumed region of attraction. This is particularly useful for nonlinear systems

where having a linear control policy results in a small region of attraction.
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In chapter 5, we proposed a method for creating agile gaits by sequentially composing limit

cycles using heuristics. The approach was based on two main ideas: first, we created funnels

using the region of attraction at the Poincaré section and second, we used the OCLF to ensure

fast switching between limit cycles. The fast switching among limit cycles was possible if there

existed enough overlap between the region of attraction of the limit cycles. We tested the

method on a model of hopping. The model was able to go from the given initial states to the

goal states in a number of steps determined by the user (heuristics).

In chapter 6, we presented a framework to create agile gaits by sequentially composing

limit cycles using rapidly-exploring random trees (RRT). In fact, we probabilistically filled

the state space with regions of attraction and associated stabilization controllers developed in

chapter 4, and then used the RRT algorithm for feedback motion planning. The framework

was demonstrated on a hopping model to realize height and velocity changes between steps.

Finally, in chapter 7 we proposed a continuous-time based optimization method within

model predictive control framework for navigation of the hopping model on stepping stones.

Unlike discrete search based approaches like A-star, our approach could easily handle the bound-

ary value problem. In order to deal with computational complexity of computing controls online,

we used a data-driven technique to approximate the step-to-step dynamics with low-order poly-

nomials and used the approximate models in our optimization. Also, we avoided specifying the

stepping stones as constraints which would lead to a mix-integer problem. Rather, we specified

a high cost for placing the foot on the gaps between the stepping stones. This allowed us to
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use nonlinear optimization solvers. Our findings demonstrated that our approach is a viable

solution for control of legged robots on stepping stones.

8.2 Future Work

The step-to-step control approach developed in this thesis may fail in the face of relatively

large disturbances. In our approach, the system state measurement is made at the Poincaré

section followed by choosing controls which remain constant until the next Poincaré section. If

relatively large disturbances occur between steps, the system may fail before reaching the next

Poincaré section. A potential solution to this issue is to consider multiple sections along the

system trajectory within a step and update the controls more than once at each step.

We chose simple Lyapunov functions to construct elliptical regions of attraction of similar

size and shape and probabilistically filled the state space with these regions. An extension of

this work is to choose complex Lyapunov functions to create regions of attraction of different

size and shape based on the task objectives. For example, for tasks requiring fast speed changes

between steps, the regions of attraction should be directed along the velocity axis to quickly

switch speeds, or for tasks involving jumping over obstacles, the regions of attraction should be

directed along the height axis.

We used rapidly-exploring random trees (RRT) to find switching for tasks involve changing

in velocity or height. An extension of this work is to use optimality variants of RRT such as

RRT-star, RRTX, and bidirectional RRT-star and consider various tasks such as gait switch-

ing, obstacle avoidance, and accelerating/decelerating while optimizing minimum time, steps,

energy, etc.
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Perhaps the hardware evaluation of the frameworks presented in this thesis is the most

important future work. A hopping robot is currently being developed in our lab. The robot’s

leg is a symmetric five-bar linkage and has two direct-drive motors at the hip, reducing the

leg mass. The robot is mounted on a boom to impart lateral stability. To implement the

frameworks on this robot, the mathematics transforming the axial force of the model, studied

in chapter 4, into joint torques need to be derived.
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