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Abstract— It has been theorized that biological legs or the
serial leg with a knee and hip joint has evolved over centuries
for energy efficient locomotion and as such, has been adapted
into a multitude of legged robots. However, recent success of
legged robots with alternate leg morphologies without actuated
knees, such as the parallel and symmetric five-bar link leg raises
the question: which leg geometry is more energy-efficient and
why? To answer this question, we created a minimal model of
bipedal walking whose non-dimensionalised equations of motion
have a single free parameter, the leg ratio and defined as the
ratio of the distal to the proximal leg length. Then we performed
an energy minimization for a given leg ratio and combination
of speed and step length. When we optimized mechanical work,
we found that all three legs have an identical efficiency, but the
symmetric leg has the lowest peak torque. When we optimized
a cost representative of an electric motor, we found that the
serial leg is most energy efficient for all leg ratios, and the
cost decreases as the leg ratio increases. For a leg ratio of
1, the parallel and symmetric leg have identical efficiencies.
As the leg ratio increases, the efficiency of the symmetric leg
approaches that of the serial leg while that of parallel leg
decreases. However, the symmetric leg produces the least peak
torque followed by the serial leg for leg ratios greater than
1. Our conclusion is that the symmetric leg rivals the serial
leg by being easier to design and having smaller peak torques
leading to smaller actuators at the cost of being slightly less
energy-efficient.

I. INTRODUCTION

Creating energy-efficient dynamic legged systems is one
of the outstanding challenges in the area of legged robotics.
This depends on factors such as the type and number of
actuators, the mass distribution or the passive dynamics of
the robot, the presence or lack of springs in the leg and
their arrangement (e.g., serial, parallel), the leg morphology,
the presence or lack of a foot and its design (e.g., passive,
active), and the control policy. A fundamental understanding
of the role of each of these factors on the energy efficiency
is key in creation of legged robots that are economical in
terms of energy usage.

In this paper, we focus on the role of leg morphology
in the energetics of legged locomotion. The most commonly
used leg design is biological limb or the serial leg (see Fig. 2
a) with a thigh and a shank and actuated at the hip and knee
joints. However, roboticists have used non-anthropomorphic
leg designs such as the prismatic leg (see Fig. 1 a), the
parallel five-bar leg, and the symmetric five-bar leg (see
Fig. 2 b and c). There has been no research that has compared
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the various leg designs for energy efficiency in an objective
way. Such a study has the potential of helping make better
leg design choices for energy-efficient locomotion.

We provide a practical way of comparing the different
leg designs using a minimal model of walking and using
trajectory optimization. The minimal model consists of a
point mass body and a telescopic leg. We use Jacobian from
the joint space to the foot space to relate the telescopic leg
to the leg geometry of interest. After we non-dimensionalise
the equations, we have a single free parameter which we call
the leg ratio, r, defined as the ratio of the distal (e.g., shank)
to the proximal (e.g., thigh) link length. We use trajectory
optimization to search for the most energy-efficient gait for a
given r and combination of step length, D, and step velocity,
V . We look at two cost functions; first based on mechanical
work, and second based on electric motor model. Exhaustive
numerical searches are carried to identify trends in energy
efficiency for the different leg designs and for different leg
ratios. This work is expected to provide an objective way
of comparing different leg geometries for energy-efficiency
which will guide not only leg design but also the selection
of actuators.

II. BACKGROUND AND RELATED WORK

We first review the different leg architectures emphasizing
the critical aspects of design and actuation and then present
past attempts at comparing them.

The serial leg geometry (see Fig. 2 a), which resembles the
biological leg, is the design of choice for most legged robots,
and consists of an actuated hip and knee. The simplest design
choice is to place the knee actuator at the joint (e.g., Darwin
OP [1]) but adds to the weight of the leg and increases the
energy cost of leg swing. An alternate choice is to place the
knee actuator at the hip and use a transmission (e.g., cables
[2]) to drive the knee joint, but this makes the design more
complex.

The design complications of the serial leg have lead to the
parallel five-bar leg used on ATRIAS [3] (see Fig. 2 b), the
symmetric five-bar linkage used on UPenn Minitaur [4] and
MIT Super Mini Cheetah [5] (see Fig. 2 c). Because both
the actuators are at the hip, this allows for the legs to be
light weight. The actuators in these two designs also share
the load at the foot.

Keneally et al. [4] have compared the serial, parallel
five-bar, and the symmetric five-bar leg with respect to
their ability to sense forces at the joints, ability for force
production, and thermal cost of producing a force. They
found that the symmetric five-bar leg is superior than the
other two geometries for these three metrics. Abate et al.
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Fig. 1. (a) The minimal bipedal model. (b) Free body diagram for the
minimal model in stance phase.

[6] compared the serial and the parallel five-bar with respect
to energy efficiency. In their simulation study, they imposed
a ground reaction force profile and body trajectory obtained
from human running experiments and then used optimization
to compute joint torques, speeds, and consequently the
mechanical cost of transport, MCOT (a energy metric, see
Eqn. 4). They found that the serial leg has lower MCOT and
lower peak torque then the parallel five-bar leg. Our study
is different from this study in that we do not impose any
predefined trajectory or forces but allow the optimization
to freely choose the trajectory, forces, torques, speeds to
minimize an energy-based cost function. Further, we non
dimensionalize the equations of motion revealing that there
is a single free parameter for each leg, thus enabling easy
comparison between the three leg geometries.

III. METHODS

A. Minimal biped model

The minimal bipedal model is shown in Fig. 1 (a) [7]
consists of two massless legs connected to each other at
a point mass body with mass m. Each of the legs have a
prismatic actuator that can apply a compressive leg force,
fptq, that will cause the leg length to vary as a function of
time, lptq. Gravity, g, points downwards as shown. Since the
legs are massless they can change their length and orientation
instantaneously and without an energetic cost between steps.
However, when the legs are on the ground they have to work
to move the point mass body, and there is an associated
energetic cost.

The free body diagram for the point mass in stance phase
is shown in Fig. 1 (b). We assume that only one foot can
be in contact with the ground at any point of time. Thus,
during stance phase, the point mass body is acted upon by
the actuator force and gravity. Further, we assume that the
left and right legs have identical motion, thus it is sufficient
to simulate a single step. Throughout this paper, we seek
periodic motions such that the current step is the same as
the previous step.

The equations of motion can be written as follows:

m:x “ f
x´ xc
`

, m:y “ f
y

`
´mg, (1)

where x and y are the x- and y- position of the body, xc is
the contact point of the leg during stance phase, and the leg
length, ` “

a

px´ xcq2 ` y2.
To simplify the formulation of the optimization problem

we set xc “ 0 and rewrite the equations in non-dimensional
form as follows:

:X “ F
X

?
X2 ` Y 2

, :Y “ F
Y

?
X2 ` Y 2

´ 1, (2)

where the non-dimensional parameters are defined as fol-
lows:

F “
f

mg
X “

x

`max
Y “

y

`max

9X “
9x

?
g`max

9Y “
9y

?
g`max

,

and `max is the maximum leg length.

B. Optimization problem

The optimization problem is to find initial conditions
Xp0q “ X0, Y p0q “ Y0, 9Xp0q “ 9X0, 9Y p0q “ 9Y0, and
non-dimensional leg force F ptq to minimize the Cost Of
Transport (COT) defined as:

COT “
Energy Used

Weightˆ Distance Travelled
. (3)

The constraints are that periodicity requires XpT q “ X0`D,
Y pT q “ Y0, 9XpT q “ 9X0, and 9Y pT q “ 9Y0, where non-
dimensional step time, T , and step length, D, are specified
in advance. Thus, the step velocity, V , can be obtained by
the relation D “ V T . The leg length constraint is such that
throughout stance phase, Lmin ď

?
X2 ` Y 2 ď Lmax. The

values for these are defined in Sec. III-C. The ground reaction
force constraint is 0 ď F ď 3; that is, the ground reaction
force can be up to 3 times the weight of the robot. We
use a nonlinear constraint parameter optimization software,
SNOPT [8]. Also, we discretize the ground reaction force,
F ptq as a piecewise linear function of time over a grid of
size N ` 1 (a user chosen value). That is the grid points
are 0 “ τ0, τ1, τ2, ..., τN “ T and τi ´ τi´1 “ T {N
(i “ 0, 1, ...N ), and the corresponding N ` 1 forces at grid
points are F0, F1, F2, ..., FN .

We consider two cost functions. The first one uses the
absolute value of the mechanical work done (

ş

|Tω|dt) and
is called the Mechanical Cost Of Transport (MCOT):

MCOT “
1

D

ż T

0

|ΓT pτq 9Θpτq|dτ, (4)

where the degrees of freedom for the legs (see Sec. III-
C for details) are Θ “ rθ1, θ2s, and non-dimensional
actuator torques are Γ “ rΓ1, Γ2s. The torques are non-
dimensionalised by mg`max. The absolute value of a con-
tinuous variable has a kink or a discontinuous first derivative
at 0. Since we use a smooth optimization program that relies
on smooth gradients, the optimization will have numerical
difficulties close to 0. So, we smooth the absolute value using
arctan smoothing described in Srinivasan [9] (pp. 62).
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Fig. 2. Various leg geometries that have demonstrated energy-efficient
locomotion: (a) serial leg, (b) parallel five-bar leg, and (c) symmetric five-
bar leg. Note that for (b) and (c), there is a bar connecting the two motors
placed at the body joint and is the fifth link.

The second one is representative of energy used in electric
motors (

ş

T 2dt) 1 and called the Total Cost Of Transport
(TCOT):

TCOT “
1

D

ż T

0

ΓpτqTΓpτqdτ. (5)

Also, to get actual TCOT for a specific motor, one needs to
multiply the TCOT by R{K2 where R is the resistance of
the windings and K is the motor constant.

In summary, the optimization problem is solved as follows.
The equations of motion and the cost function are integrated
from one grid point to another using the integrator DOP853
[10] with a tolerance of 10´12. After integrating over a
complete step, one can evaluate the constraint violation in
the periodicity and the leg length constraint at the grid
points. The optimization software varies the parameters,
X0, Y0, 9X0, 9Y0, Fi“0,1,...N , so as to meet the constraints
within 10´6 while reducing the cost function. We also map
the linear prismatic leg length, `pτq, and leg force, F pτq,
for a particular leg in order to compute the actuator angles,
9Θpτq, and actuator torques, Γpτq. This is discussed next.

C. Leg geometries

We consider three leg geometries as shown in Fig. 2, each
of which have different torques, Γ. The serial leg geometry
in (a) is the biological leg and has one actuated joint at
the hip (shown as θ1) and the other at the knee (shown as
θ2) and needs substantial energy for leg swing because the
hip actuator needs to drive the mass of the knee actuator.
The parallel five-bar mechanism in (b) is asymmetric about
the vertical line and is used on Oregon State ATRIAS [3],
a bipedal robot. This design has both actuators at the hip
which reduces the leg mass. Finally, the symmetric five-bar
leg is used on the quadruped robots, UPenn Minitaur [4] and
MIT Super Mini Cheetah [5], and like the parallel leg, has
the advantage of having both the actuators at the hip, thus
reducing the leg mass.

First, we present the computation of the Jacobian of the
forward kinematics for the three leg geometries. The foot

1The energy used in the motors is the sum of dissipative losses in the
windings (T 2) and mechanical work done (Tω). However, the dissipative
losses dominates the mechanical work

position, gxpqq (where q “ pθ1, θ2q and x “ O for open
(serial) leg, x “ P for parallel five-bar leg, and x “ S for
symmetric five-bar leg, relative to the body at px, yq for the
three leg geometries is given by [4]:

gOpqq “ Rpθ1q

„

`1 ` `2 cos θ2
`2 sin θ2



, (6)

gP pqq “ Rpα1q

ˆ

`2Rpα2q ` `1R
T pα2q

˙„

1
0



, (7)

gSpqq “ Rpα1q

«

`1 cosα2 `

b

`22 ´ `
2
1 sin2 α2

0

ff

, (8)

Rpθq “

„

cos θ ´ sin θ
sin θ cos θ



, (9)

α1 “ 0.5pθ1 ` θ2q and α2 “ 0.5pθ1 ´ θ2q (10)

The above expressions can be used to derive the Jacobian of
the forward kinematics, J “ Dqgpqq.

Second, we show how to relate the virtual leg parameters,
the leg length ` and the landing angle α (see Fig. 2), to the
actuator degrees of freedom, q.

Open (Serial): θ1 “ α´ 0.5π ` φ`2 (11)
θ2 “ π ` φ` (12)

Parallel: α1 “ α´ 0.5pπ ´ φ`2 ´ φ`1q (13)
α2 “ 0.5pφ`1 ` φ`2q (14)

Symmetric: α1 “ α´ 0.5π (15)
α2 “ φ`2 (16)

where φ` “ cos´1

ˆ

`21 ` `
2
2 ´ `

2

2`1`2

˙

(17)

φ`1 “ cos´1

ˆ

`2 ` `22 ´ `
2
1

2`2`

˙

(18)

φ`2 “ cos´1

ˆ

`2 ` `21 ´ `
2
2

2`1`

˙

(19)

During the course of optimization there is the possibility that
evaluation of cos´1 will lead to an imaginary number when
the argument is greater than 1. To prevent this from hap-
pening we smoothen the function cos´1 using the technique
mentioned in Srinivasan [11] (see supplement, pp. 5).

Finally, we show how to compute the torque, Γ. To do so,
we use virtual work which states that

FT 9̀ “ ΓT 9Θ, (20)

where F, ` are vectors that hold the x- and y-component of
the ground reaction forces and leg length respectively. But
we know that

9̀ “ J 9Θ (21)

We put Eqn. 21 into Eqn. 20 to get

Γ “ JTF (22)

To summarize, given the leg length, `, and landing angle,
α, we compute q using Eqns. 11 - 16 and then use Eqns. 6-
10 to compute the Jacobian, J . Finally, we find the torque,
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Γ, from the Jacobian, J, and ground reaction force F using
Eqn. 22.

IV. RESULTS

A. Minimizing mechanical work (
ş

|Tω|dt)

We minimized the absolute value of the mechanical work
per unit weight per unit distance moved, i.e., MCOT (see
Eqn. 4) for a given leg, a leg ratio, r (defined as `2 “ r`1),
and a combination of speed, V , and step length, D. We
found that the MCOT is the same for all leg geometries and

independent of leg ratio, r. This is not surprising because
the mechanical work done by the joints is the same as
the mechanical work done by the ground reaction force in
lengthening/shortening the prismatic leg due to the principal
of virtual work (see Eqn. 20). Further, Fig. 5 shows a plot
of MCOT as a function of V for a fixed D “ 0.5 and r “ 2.
MCOT increases linearly with the speed, indicating that the
mechanical work increases as the speed increases.

Next we take a closer look at the optimization results for
the combination, V “ 0.7 and D “ 0.5. The MCOT “

0.0823. The trajectory of the body, mass m, is shown
in Fig. 3 (a) and resembles an inverted pendulum. The
force profile, leg length, and mechanical power (force times
change in leg length) is shown in Fig. 3 (b), (c), and (d)
respectively. At the beginning, there is a negative force with
shortening of the leg which corresponds to negative power.
This corresponds to a foot-strike. Thereafter, the force and
leg length remains constants which leads to zero power. At
the end, the force increases with lengthening of the leg which
corresponds to positive power. This indicates a push-off.

Finally to get a sense of magnitude of torques at the
actuators, we compute the joint torques using the ground
reaction force and Jacobian (see Sec. III-C) for leg ratio,
r “ 2. The results for each leg are shown in Fig. 4. For the
serial leg in (a), the hip motor is passive (zero work) while
the knee motor is applying an active torque to shorten the
leg during foot-strike and lengthen the leg during push-off.



However, in the case of parallel leg in (b) and symmetric leg
in (c), both motors are doing the work. In the parallel leg, the
two motors apply unequal force while the motor torques are
equal and opposite for the symmetric leg. Although all these
geometries do the same mechanical work, the peak torques
are lowest in the symmetric leg. The serial and parallel leg
have peak torques of 1.5 and 3 times that of the symmetric
leg respectively.

B. Minimizing motors costs (
ş

T 2dt)

We minimized the electric losses per unit weight per unit
distance moved, i.e., TCOT (see Eqn. 5) for a given leg,
leg ratio, r, and combination of speed, V , and step length,
D. Unlike MCOT minimization, we found that the TCOT is
different for different legs and leg ratios. The Fig. 7 (a), (b),
and (c) shows a plot of the TCOT as a function of speed, V ,
for a fixed step length, D “ 0.5. Each plot is for a different
leg ratio, r, and has three curves corresponding to the three
leg configurations. At r “ 1, the symmetric leg and the
parallel leg are identical and have the same costs (the two
curves line up on top of each other as shown in Fig. 7 (a)).
The serial leg however has the lowest cost and is between
a factor of 2.5 to 3.5 over the symmetric and parallel legs.
At r “ 2, the symmetric leg becomes more energy-efficient
than the parallel leg, and it comes closer to the serial leg.
The symmetric and serial leg are about a factor of 4 and 6
better than the parallel leg respectively. Finally, at r “ 4,
the symmetric is slightly less energy-efficient then the serial
leg, but about a factor 30 better than the parallel leg. Note
that as r increases, the symmetric leg become more energy-
efficient and approaches the serial leg as r Ñ8. At r “ 8
or `1 “ 0, both legs have same energy-efficiencies. Also,
we found that as r increases, the energy efficiency improves
for the symmetric and serial legs and becomes worse for the
parallel leg. This is explained in the next paragraph.

Next, we take a closer look at the energy-optimal solution
for r “ 2 and the combination V “ 0.7 and D “ 0.5 for
the three leg geometries to understand why one leg is more
energy-efficient than the other. We found that although the
energetics and torque profiles are different, the trajectory,
ground reaction forces, and leg length are a function of
time and mostly identical. We show plots in Fig. 6 but
only for the serial leg geometry at r “ 2. It is interesting
to note that the motion resembles an inverted pendulum
and looks qualitatively similar to the MCOT minimization
results shown in Fig. 3. However, the TCOT’s for the three
legs are different. The TCOT for the serial leg, parallel leg,
and symmetric leg are 0.0049, 0.0293, and 0.0073 (units
ΩA2{Nm) respectively. Thus, the serial leg is about two
times more energy-efficient than the symmetric leg and
about 4 times more energy-efficient than the parallel leg
configuration at the specific V,D combination. To understand
the vastly different costs, we look at a plot of torque and
power as a function of time. From Fig. 8 (a) and (c), we
observe that the peak torques for the serial leg and the
symmetric leg are almost the same. However, the the hip
actuator is passive while only the knee actuator is doing the

work. But in case of the symmetric leg, since both actuators
are doing the work, the cost is about twice that of a serial
leg. Finally, the parallel leg, because of the asymmetry, uses
different torques at the two motors. The peak torque on one
actuator is about two times the serial or the symmetric leg,
and this causes the power to be almost four times as large,
because the power (T 2) scales with peak torque.

V. DISCUSSION

We have compared three commonly used bipedal leg
morphologies—serial, parallel five-bar, and symmetric five-
bar—for walking energetics. We used a minimal model
of locomotion and formulated an optimization problem to
minimize an energy-based cost function subject to various
kinematic and actuator bounds. Specifically, we considered
two cost functions, mechanical work (Tω) and electrical
dissipation costs (T 2), associated with an electric motor. We
found that for the mechanical work minimization, all leg
geometries give identical costs, but the peak torque in the
symmetric leg is the lowest followed by that of the serial
leg, and finally that of the parallel leg. We also found that
for the electric motor cost minimization, the serial leg is most
energy-efficient, and the parallel leg is least energy efficient.
The symmetric leg has the same efficiency as that of the
parallel leg at r “ 1, and it approaches the efficiency of
the serial leg as r Ñ 8 (see Fig 7). Finally, we found that
all leg morphologies at all leg ratios we considered and for
both the cost functions give qualitatively similar motions: a
quick dissipative foot-strike followed by inverted pendulum-
like motion for a majority of the stance phase, and ending
with a quick push-off during support exchange.

The fact that the biological (serial) leg is the most energy-
efficient geometry is interesting, because it lends credence
to the theory that evolution chooses the best design [12].
Further, we note that for the serial leg at V “ 0.7, D “ 0.5
and r “ 1, the TCOT (all in units of ΩA2{Nm) is about
6ˆ10´3 but decreases to 5ˆ10´3 at r “ 2 and to 4ˆ10´3 at
r “ 4. Thus, the energy efficiency increases as r increases, so
r “ 1 gives the least energy-efficient design. But, human leg
has r « 1 [13]. This might be because of a design tradeoff
between energy efficiency and other evolution pressures. For
example, at r “ 1, when the thigh and shank are of equal
length, the major muscles on these joints can be about equal
size to allow for optimal performance on other tasks such as
jumping.

The serial leg morphology is very common in most legged
robots including bipeds, quadruped, and humanoid robots,
perhaps because it is a more anthropomorphic design. Note
that the serial leg needs an actuated knee. However, adding an
actuator to the knee requires the hip motor to drive this added
weight during swing phase thus increasing the energetic
costs. One way to circumvent this is to place the actuator
at the hip and drive the knee through suitable transmission
(e.g., MIT Cheetah [14], [15]). But constructing the serial
leg in this configuration may limit the range of motion and
exploration of this topic is beyond the scope of this paper.
On the other hand, the parallel and five-bar links have their
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actuators at the hip, enabling lightweight legs yet simple leg
design.

The peak torque is the least for the symmetric leg, fol-
lowed by that of the serial leg for the same leg ratio and
combination of step length and speed (see Figs. 4 and 8).
This has implications in the choice of the actuator: the
symmetric leg needs relatively smaller actuators then the
other two designs.

A surprising result was that all three leg geometries for the
two costs we considered produced identical body trajectories:
a foot-strike followed by an (almost) inverted pendulum-
like motion, and ending in push-off before the next foot-
strike. A considerable number of past work has focussed
on using the linear inverted pendulum model [16] to create
walking motion. This model requires the body to maintain
a constant height above the ground, and thus it requires a
bent knee. This is clearly less energy-efficient compared to
the inverted pendulum model discovered in the optimization
here, because it creates an essentially passive motion through
a large part of the gait. Another interesting result is that the
energy-optimal gait discovered requires the leg to be at its
singular configuration at foot-strike and push-off, a position
that is avoided most times, as it can lead to infinite torques
due to singular Jacobian.

Our work has limitations which we highlight next. We
have ignored the cost of swinging the leg, which can be
non-trivial if the legs have mass. The parallel bar linkage,
though least efficient in our analysis, can perhaps be made
more efficient by adding a toe (as done in ATRIAS). We
have only looked at energy-optimal bipedal walking motions.
Further work on running gaits and for quadrupeds needs to
be undertaken to generalize these results. Thus, eventually, a
more detailed robot model with a toe and a swing leg, and for
various running gaits and for multi-legged robots will provide
a complete picture on how energy-efficiency depends on the
leg morphology.
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