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Abstract— Online optimal control of quadrupedal robots
would enable them to plan their movement in novel scenarios.
Linear Model predictive control (LMPC) has emerged as a
practical approach for real-time control. In LMPC, an opti-
mization problem with a quadratic cost and linear constraints is
formulated over a finite horizon and solved on the fly. However,
LMPC relies on linearizing the equations of motion (EOM),
which may lead to poor solution quality. In this paper, we use
Koopman operator theory and the extended Dynamic Mode
Decomposition (DMD) to create a linear model of the system
in high dimensional space, thus retaining the nonlinearity of
the EOM. We model the aerial phase and ground contact
phases using different linear models. Then, using LMPC, we
demonstrate bounding, trotting, and bound-to-trot and trot-
to-bound gait transitions in level and rough terrain. The main
novelty is the use of Koopman operator theory to create hybrid
models of a quadrupedal system and demonstrate the online
generation of multiple gaits and gait transitions.

I. INTRODUCTION

Among legged systems, quadrupedal robots have emerged
as a ubiquitous platform for designing and testing radically
novel control ideas. A dominant approach is to perform
online optimal control using a linearized model (e.g., model
predictive control) to enable real-time adaptation. However,
the linearization may introduce model artifacts that could
lead to poor performance. This paper addresses the limitation
by using Koopman operator theory to build linear models in
high dimensional space that preserves the system’s nonlin-
earity. Furthermore, using linear model predictive control,
we demonstrate multiple gaits (bounding and trotting) and
gait transitions.

The earliest work investigated simple heuristics, such as
regulating foot placement for speed control and vertical force
for height control, and applied it to bounding, trotting, and
pronking for a quadruped [1]. However, such controllers need
to be manually tuned to be robust, which is often time-
consuming and not generalizable to other systems A formal
method is to compute the control necessary to generate
periodic gait, also known as the Poincaré limit cycle [2],
and use eigenvalues to determine stability [3]. Such stability
analyses have limited utility because they only consider small
perturbations along the periodic gaits.

The development effective optimization tools has led to
optimal control using Model Predictive Control (MPC).
For instance, a quadruped bounding gait was achieved by
deriving control inputs from a hierarchical nonlinear MPC
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Fig. 1.

Trotting (top) and bounding (bottom) on rough terrain

[4]. However, this was limited to offline computation due
to the high computational time needed for the optimization.
Online optimal control can be achieved by solving a short-
horizon optimal control problem with a quadratic cost and
linear constraints, also known as linear model predictive
control (LMPC) [5]. Here, the speed-up is achieved because
the optimization is a convex quadratic program, which leads
to an analytical solution. However, simplicity comes at a
cost: the linear constraints are obtained by linearizing the
equation of motion, which may lead to poor convergence
when the system deviates far from the linearization. Another
issue is that such optimization assumes a pre-determined
timing which may not hold for bounding gaits and in rough
terrain [6]. A solution to the latter issue is to add gaits and
foothold timing as optimization variables to achieve versatile
quadruped gaits, where a single optimization process plans
the gait sequence, step timings, and footholds [7]. But such
optimizations are challenging to solve in real-time.

Deep Reinforcement Learning (DRL) is a model-free
method that solves an optimization problem over the entire
state space. Here, using an offline optimization, a neural
network learns the mapping between sensors and actuator
commands. Then during online deployment, the neural net-
work outputs an actuator command based on the sensor
value DRL has been demonstrated on trotting [8], bounding
[9], pacing [10], pronking [11], and the transitions between
each gait [12]. However, DRL is not sample efficient as it
requires an extensive dataset for training. To achieve sample
efficiency, one could use model-based optimization to plan
a reference motion and model-free RL to track the reference
motion [13].

The Koopman operator takes a nonlinear model x;; =
f(x¢,u;) and converts it into a linear model in high dimen-
sional space: II(x;+1) = AII(x:) + Bu;, where A, B are
constant matrices and II(x) is a non-linear function of x.
The original method was conceptualized for an uncontrolled
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Fig. 2. 2D single rigid body model

system in 1931 by Koopman [14], but only recently tools
have been devised to model controlled systems [15]. The
applications of the Koopman operator are currently limited
to a few simple smooth systems, such as quadcopters [16],
underwater vehicles [17], autonomous cars [18], two-link
planar manipulators [19], and soft robot manipulators [20].
In this paper, we use the Koopman operator to create mul-
tiple linear models that capture the aerial phase and ground
contact phases. Although the models are linear, they capture
the non-linearity by projecting in a high-dimensional space.
Next, we use Linear Model Predictive Control (LMPC) to
demonstrate bounding and trotting gaits and bound-to-trot
and trot-to-bound gait transitions. Furthermore, we demon-
strate gait robustness by introducing rough terrain. The main
novelty is the use of Koopman operator theory to model and
control hybrid systems such as a quadrupedal robot.

II. METHODS
A. Quadruped Gaits Pattern

Trotting and bounding gaits are simple in that the Front
Right (FR), Front Left (FL), Rear Right (RR), and Rear Left
(RL) legs are used in pairs. In trotting, the legs move in
diagonal pairs FR-RL and FL-RR alternating between swing
and stance phases. In bounding, the front legs FR-FL and rear
legs RL-RR move as pairs, transitioning through a periodic
cycle that includes front stance, flight phase, rear stance, and
flight phase.

B. Single Rigid Body Model (SRB)

The quadruped system shown in Fig. 2 is modeled using
SRB model [5]
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where p € R? and p € R? are the SRB center of
mass (CoM) position and velocity both in the world frame
respectively; 6 is the pitch angle in world frame, and 6
is pitch angular velocities in body frame. The leg ground
reaction force for the foot 7, j is F; ; € R? and the distance
from the foot 4, j to the center of mass is r; ; € R?; a;, o is
the scalar to do the model selection, where a; = 1, = 1
for trotting model with front and rear foots contact on the
ground, o; = 0, a; = 2 for rear stance bounding model with

6 =

only rear foots contact on the ground, a; = 2,5 = 0 for
front stance bounding model with only front foot contact on
the ground, and o; = 0,a; = 0 for flight phase; R € R?*?
is the rotation matrix mapping vector from body frame to
global frame; m is the mass of the robot; g € R? is the
gravity vector in the world frame; I is the inertia matrix of
the torso in the body frame. Note that Eqns. 1-2 are nonlinear
and they can be compactly written as: X = f(x) + g(x)u,
where x = [p,@,[’),é}T and u = [F;,F;]".

C. Koopman Operator Theory

For a given nonlinear system x;11 = f(x;,u;); x € X C
R™; ueld CR™; f: X — X, aset of nonlinear observable
functions II(x) exists such that the evolution of the system
along these observables is characterized by linear dynamics
governed by an infinite dimension operator X, known as
Koopman operator

[KII](x,u) = T o f(x,u) 3)

A finite-dimensional approximation of X, denoted as K =
[A,B]; A € RV*N. B € RV*™ s derived by employing
the Extended Dynamic Mode Decomposition (EDMD) ap-
proach [15], which projects /C onto a subspace of observable
functions via least squares regression. The finite dimension
approximated operator K can be used to represent the linear
evolution of observable functions as

IT(x)
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where TI(x;) = [m1(%¢), ..., mn(x)]T € RY is the dic-
tionary of observable functions. By utilizing M snapshots
of the system states and control inputs in lifted space
formed by the basis function 7;(x) in the dictionary, we
obtain the approximated operator K. The paired dataset
X = [Xl,Xg,...,XM_l] and Y = [X27X3,...,XM] can be
obtained by perturbed nonlinear dynamics x;11 = f(x;, u;)
with a given control sequence U = [uj, us,...,up—1], the
approximation of the Koopman operator then can be obtained
by solving the least square regression such that [21]

K = arg min [TL(Y) - KII(X, U)|* )

By constructing G; and Go, an analytical solution for K
may be computed
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D. Koopman Operator-Based Modeling

The 2D SRB model equations (see Eqn. 1-2) are nonlinear.
Our goal is to compute a linear model using Koopman
operator theory.

We identify a set of Koopman observer functions II(x) :
R"™ — RY that can evolve linearly in the lifted observable
space with the finite-dimensional Koopman operator K =
[A, B], such that the dynamics are approximated by Eqn. 4.
To perform the EDMD to find the linear Koopman predictor
A € RY*N and B € RV*™ | a set of physics informed
observable functions [16] TI = [R,RE?, .., RA?]T is
selected to form the lifted state space, where the operator (-) :

R!*! —s R maps the matrix into a vector by concatenating
the columns inside the matrix, then the linear SRB states can
be augmented as

II=[1,p,0,p 0,17 € R7H 9)

Note that one of the observable is 1 here is needed to put
the constant terms such as the gravity term. We also include
the state x = [p, 6, P, 0] " so we can recover it for use in the

LMPC discussed in the next section.

E. Koopman Operator-Based Model Predictive Control

Unlike [5] [6], which use MPC formulation to plan the
flight phase, our approach, inspired by Raibert’s controller
[1], performs all calculations during the stance phase. We
formulate a LMPC using the Koopman operator model as
follows
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m&nz [[xe4s = x¢ ||, + etillg, (10)
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st. M, =AIL +Bu,,i=0,1..k—1, (1)
Xi = CxH(Xz)7 Umin < u; < Umax (12)

where C, € R™*¥ is selection matrix that pulls out the state
x from II(x); Q; € R"*™ and R; € R™*™ are user-chosen
diagonal positive definite matrices.

For a given initial state xo € R"”, using Eqn. 11 and 12
recursively for k time steps, we obtain

Xgp = AgpXo + BgpUgp 13)

where X, € R"** and Uy, € R™** are the concatenated
state and control from 1,2, ..., k The cost function can then
be rewritten as

Xngqu + ||qu||qu (14)
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ap
where Xgp € R™** is the concatenated reference trajecto-
ries; Qqp € R and Ry, € R™**™* are user-chosen
diagonal positive weight matrix.
The QP can now be written as

1
min iU;gHUq,, +PU,, (15)
st. ¢<CU, <@ (16)

where H = 2(B,,Qq,Bgp+Ryp). P = 2(xg A) QgpByp—
Xi» QupBgy) and C € R™>Xmk ¢ ¢ R™ T ¢ R™F

denoted the inequality constraints of control input.
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Fig. 3. 2D single rigid body model Koopman operator fitting result

FE. Controller Implementation

The controller is implemented on a model of Unitree Gol
quadruped in MuJoCo version 2.0.0 [22] using Ubuntu 20.04
on an Intel Core i7 machine.

1) Finite State Machine: A finite state machine is used
to manage the control logic, sending commands to leg
controllers for FR, FL, RR, and RL legs. In our trot gait
controller, FR-RL and FL-RR legs move in pairs, transi-
tioning between swing and stance phases every 0.2 — 0.5
sec. If a swing leg collides with an obstacle, detected by a
contact sensor, the swing foot’s position is held constant. In
our bounding gait controller, FR-FL. and RR-RL legs move
in pairs, transitioning between front stance, flight phase, rear
stance, and flight phase following a duty cycle where flight
time, front stance time and rear stance time are 0.1 sec, 0.1
sec, 0.05 sec respectively. If legs collide with an obstacle
during the flight phase, detected by a contact sensor, the
foot’s position is held constant.

2) Swing/Flight Phase Controller: The role of the
swing/flight leg controller is to track the reference position
of the foot in these two phases using joint torques. Given the
foot reference position and velocity, pjii, I')%, an analytical
inverse (see [23] Sec. 3.5) is used to compute the corre-
sponding joint reference position and velocity, q¢, ¢¢. The
following simple proportional-derivative controller is used to
compute the leg ¢ joint torque.

7= -Kp(a; — qf) — Ka(é — §) (17)

3) Linear Model Predictive Control: The LMPC uses the
Koopman operator-based model and estimated torso states to
compute desired ground reaction forces for the stance legs
(see Sec. II-E). The planning horizon for the model predictive
control is 6 ms or 166.67 Hz while the update horizon is 5
ms or 200 Hz. The MPC is solved online using qpSWIFT
[24] in about 3 ms.

4) Stance Phase Controller: The stance leg controller
module uses the desired ground reaction forces to estimate
the joint torques using the Jacobian of the stance leg.

Ti :J;rfl (18)

ITI. RESULTS
A. Koopman Operator Model Fit

To generate data for the EDMD, we integrate the SRB
Eqns. 1-2 with Runge-Kutta of order 4 with a fixed step size
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Fig. 4. Trotting forward velocity tracking

of dt = 0.001 sec from t = 0 to t = 0.1 sec. For each roll-
out, we use a randomly generated initial conditions at ¢t = 0
and random control input for every 0.001 sec. We use a total
of 100 roll-outs to create a training dataset. Then using the
p = 4 observables II(x) discussed in Sec. II-D, we perform
the EDMD to obtain a linear model.

Figure 3 (a)-(b), (c)-(d) shows the fitting result for trotting
model and rear legs bounding models respectively. We did
the extensive test by generating 50 initial conditions and
using 50 random force profiles for a 0.05 sec roll-out using
the SRB model, then using the same paired initial condition
and force inputs we generated corresponding predictions
using Koopman operator model. The linear model fitting
results are evaluated by the error between the actual and
predicted trajectories across 50 sets of data shown in Fig. 3,
where (a) (c) for translation and orientation p, 6 states, (b)
(d) for linear velocity and angular rates 1'),9 states. The solid
line shows the mean and the bands shows the variance. It
can be seen that the errors are within +10~* indicating a
sufficiently accurate fit.

B. Koopman Operator LMPC in Trotting

To check the trotting gait reference tracking ability, we
command the robot to follow a combination of reference
forward as shown in Fig. 4 (a). The reference is parame-
terized by a step function, starting at 6 sec. The forward
velocity is commanded to change sequentially: first to 0.1
m/s, then 0.3 m/s, followed by 0.2 m/s, and finally back
to 0 m/s. At 10 sec, the command velocity undergoes a
sharp increase from 0.1 m/s to 0.3 m/s, yet the controller
successfully achieves stable forward velocity tracking with
overall RMSE as 0.029. From Fig. 5 (b), one can see that
when the forward reference velocity is relatively high, the
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Fig. 5. Bounding forward velocity tracking

controller temporarily allows the robot to pitch forward at a
small angle to improve forward tracking performance. When
the commanded forward velocity is set to zero, the pitch
also returns to its neutral position. The trotting gait pattern
diagram is shown in Fig. 4 (c) where the bars indicate the
period of ground contact.

A rough terrain shown in Fig. 1 is designed to test the
controller’s disturbance rejection capability. The terrain is
scattered with eight blocks, cubes, and capsules, ranging in
height from 5 to 7 cm, placed on the path in front of the
quadruped, which is commanded to track a forward velocity
of 0.3 m/s. The experimental results are shown in Fig. 6
(a) (b). Around 3 sec and 9 sec, two slip incidents occur,
causing the quadruped to experience a severe forward pitch.
However, the controller successfully restores the robot’s
balance. Between 3 and 8 sec, the velocity tracking deviates
from the reference due to the rough terrain, but the robot
manages to maintain pitch stability, with a tracking error
within £3 degrees while traversing.

C. Koopman Operator LMPC in Bounding

To check the trotting gait reference tracking ability, we
command the robot to follow a combination of reference
forward as shown in Fig. 5 (a). Compared to trotting,
bounding allows the robot to achieve higher forward velocity
tracking due to its higher gait frequency and additional flight
times. Starting at 2 sec, the reference signal is defined by a
step function that sequentially commands changes in forward
velocity. The velocity first increases to 0.1 m/s, then jumps
to 0.8 m/s, decreases to 0.3 m/s, and finally returns to 0 m/s.
Notably, at 7 sec, there’s a sharp increase from 0.1 m/s to 0.8
m/s in the commanded velocity. Despite this sudden change,
the controller successfully maintains stable forward velocity
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Fig. 6. Trotting (top two) and bounding (bottom two) on rough terrain

tracking with overall RMSE 0.189.Similar to the trotting gait,
the same pitch angle pattern is observed in the bounding gait.
From 7 to 15 sec, the forward velocity is commanded to be
relatively high. To achieve effective forward tracking, the
controller allows the pitch angle to tilt forward, and as the
reference forward velocity decreases, the pitch angle returns
to its neutral position. The bounding gait pattern diagram is
shown in Fig. 5 (c) where the bars indicate the period of
ground contact.

The rough terrain profile used in the trotting gait experi-
ment is also used to test the disturbance rejection capability
of the bounding gait. The experimental results are shown
in Fig. 6 (c¢) (d). In the bounding experiment, the robot is
commanded to move at a forward velocity of 0.75 m/s shown
in Fig. 6 (¢). Around 2 sec, the front foot stumbles on a block,
causing a sharp decrease in forward velocity. Between 2 and
5 sec, the forward velocity tracking performance deviates
due to the rough terrain; however, the controller is able to
maintain a stable, periodic bounding pitch angle, as shown
in Fig. 6 (d).

D. Koopman Operator LMPC in Gait Switch

In the gait switch experiment, two transitions are con-
ducted: one from trotting to bounding, and the other from
bounding to trotting, with the results shown in Fig. 7 and
Fig. 8 respectively. The gait transitions occur while the robot
is trotting or bounding in place. The two quadruped gaits are
governed by separate finite state machines, and the transitions
are based on a fixed switch time. Specifically, the transition
from trot to bound occurs in 2 sec, while the transition from
bound to trot takes 3 sec.

For the transition from trotting to bounding, the switch
time can be placed at any point along the time axis due to

40 45 50 55 6.0
Time (s)
Fig. 7. Trotting transit to bounding

the nature of the trotting gait, which always has a stance
leg on the ground, providing better support polygon. On the
other hand, one needs to choose the switch more carefully
when transitioning from bounding to trotting. Due to the
distinct phase composition of bounding, a large pitch moment
may be induced if the switch occurs during bounding stance
phase. For instance, if the switch happens during the front
stance phase while the back foot is in the air, switching
to the trotting gait will cause the back foot to kick the
ground, generating a significant impulse that can disturb the
robot’s balance. Inspired by [1], we placed our bounding to
trotting switch time in the fly phase to realize the smooth
gait transition.

IV. DIscuUSSION, CONCLUSION, AND FUTURE WORK

In this paper, we have used the Koopman operator to create
a linear model of the 2D SRB model of a quadruped. This is
used with LMPC to control the quadruped trotting, bounding
gaits and theirs transition demonstrating the efficacy of the
approach.

We do see that our linear model remains accurate with a
prediction error within £10~* up to 0.05 sec, its accuracy
diminishes as time progresses. This limitation suggests that
the linear model may not fully capture the complexities of
the system over longer duration. To address this issue, one
could use a neural network as a basis function [25], which
would provide a more flexible and accurate fit. Alternatively,
a bilinear Koopman operator-based model could provide a
better representation of the system’s dynamics, due to the
SRB control affine feature [26]. But the use of bilinear
model leads to a nonlinear model predictive control which
is computationally challenging to solve [27]. One approach
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is to linearize the bilinear term at the operator point, which
leads to an LMPC [28].

In this work, we implement simple gaits. Since most gaits
are inherently periodic, the gait frequency can be easily
modified by changing the cycle duration [7], while gait
speed can be adjusted by altering the phase combination and
frequency. For example, a flying trot can increase forward
velocity by incorporating a flight phase within the duty cycle

[5].

Our future work will explore methods to increase the
robustness of the quadruped to larger disturbances, increase
the range of movement of the robot, and using a neural
network as the basis function to increase the model accuracy.
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