
MuJoCo: Hybrid Systems (1)
Hybrid Systems: Systems with continuous and discrete 

dynamics/modes

Examples

1. Bouncing Ball

2. Juggling

3. Locomotion (walking, running, trot, bound, …)

4. Manipulating an object.



MuJoCo: Hybrid Systems (2)
Horizontal bar: Pendulum swing + Free fall

Pendulum swing Free Fall



MuJoCo: Hybrid Systems (3)
Using template_pendulum.zip to get started

1. From tiny.cc/mujoco download template_pendulum.zip and unzip in 

myproject

2. Rename folder template_pendulum to hybrid_pendulum

3. Make these three changes 

1. main.c — line 28, change template_pendulum/ to hybrid_pendulum/

2. makefile — change ROOT = template_writeData to ROOT = 

hybrid_pendulum also UNCOMMENT (del #) appropriate to your OS

3. run_unix / run_win.bat change <template_pendulum> to 

<hybrid_pendulum>

4. In the *shell, navigate to hybrid_pendulum and type ./run_unix (unix) or 

run_win (windows); *shell = terminal for mac/linux / x64 for win

http://tiny.cc/mujoco


MuJoCo: Pendulum with floating base (1)

O

q1

x
zpendulum.xml

• pendulum with three joints: x, z, q

• Enforce x=z=0 using <equality> in xml



MuJoCo: Pendulum with floating base (2)

O

q1

x
zEquations of floating pendulum

Mq̈ + f = ⌧

<latexit sha1_base64="cEY6AxAXsyFROhZh2RrUgv8ZEok=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKEkUlAXQtGNG6GCfUATymQyaYdOHs7cCCV24a+4caGIW3/DnX/jtM1CWw9cOJxzL/fe4yWCK7Csb6OwsLi0vFJcLa2tb2xumds7TRWnkrIGjUUs2x5RTPCINYCDYO1EMhJ6grW8wdXYbz0wqXgc3cEwYW5IehEPOCWgpa65d4Md348hux/hYxzgC+wASXHXLFsVawI8T+yclFGOetf8cvyYpiGLgAqiVMe2EnAzIoFTwUYlJ1UsIXRAeqyjaURCptxscv8IH2rFx0EsdUWAJ+rviYyESg1DT3eGBPpq1huL/3mdFIIzN+NRkgKL6HRRkAoMMR6HgX0uGQUx1IRQyfWtmPaJJBR0ZCUdgj378jxpnlTsauX8tlquXeZxFNE+OkBHyEanqIauUR01EEWP6Bm9ojfjyXgx3o2PaWvByGd20R8Ynz+G5JSE</latexit>
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<latexit sha1_base64="Vbf78qnQnJ4jp/82vkyNPgqrUSg="></latexit>

Expanded out



MuJoCo: Pendulum with floating base (3)
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x
zEquations of constrained pendulum

Expanded out

Mq̈ + f = ⌧ + JT

O
F0

<latexit sha1_base64="vxTMDFn/2mSjT3fU18rR9bCefSo=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKHMSEFdCEVBRBAr9AZtHTKZTBuauZicEcrQtRtfxY0LRdz6BO58G9PLQqs/BD7+cw4n53djwRVY1peRmZmdm1/ILuaWlldW18z1jZqKEklZlUYikg2XKCZ4yKrAQbBGLBkJXMHqbu9sWK/fM6l4FFagH7N2QDoh9zkloC3H3L7CLc+LIL0b4H3s4xPcApJovHSubyv43LEcM28VrJHwX7AnkEcTlR3zs+VFNAlYCFQQpZq2FUM7JRI4FWyQayWKxYT2SIc1NYYkYKqdjk4Z4F3teNiPpH4h4JH7cyIlgVL9wNWdAYGumq4Nzf9qzQT8o3bKwzgBFtLxIj8RGCI8zAV7XDIKoq+BUMn1XzHtEkko6PRyOgR7+uS/UDso2MXC8U0xXzqdxJFFW2gH7SEbHaISukBlVEUUPaAn9IJejUfj2Xgz3setGWMys4l+yfj4BuWgl9w=</latexit>

F_0 are the constraint forces at O
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<latexit sha1_base64="PimGABT8JjSfH0p0yc7mAytrJVE="></latexit>

Let us verify these equations in MuJoCo



MuJoCo: Pendulum with floating base (4)
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q1

x
zEquations of constrained pendulum

Mq̈ + f = ⌧ + JT

O
F0

<latexit sha1_base64="vxTMDFn/2mSjT3fU18rR9bCefSo=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKHMSEFdCEVBRBAr9AZtHTKZTBuauZicEcrQtRtfxY0LRdz6BO58G9PLQqs/BD7+cw4n53djwRVY1peRmZmdm1/ILuaWlldW18z1jZqKEklZlUYikg2XKCZ4yKrAQbBGLBkJXMHqbu9sWK/fM6l4FFagH7N2QDoh9zkloC3H3L7CLc+LIL0b4H3s4xPcApJovHSubyv43LEcM28VrJHwX7AnkEcTlR3zs+VFNAlYCFQQpZq2FUM7JRI4FWyQayWKxYT2SIc1NYYkYKqdjk4Z4F3teNiPpH4h4JH7cyIlgVL9wNWdAYGumq4Nzf9qzQT8o3bKwzgBFtLxIj8RGCI8zAV7XDIKoq+BUMn1XzHtEkko6PRyOgR7+uS/UDso2MXC8U0xXzqdxJFFW2gH7SEbHaISukBlVEUUPaAn9IJejUfj2Xgz3setGWMys4l+yfj4BuWgl9w=</latexit>

How to compute F0?

3 equations

6 unknowns (xddot, zddot, q1ddot, F0x, F0y,F0z) 



MuJoCo: Pendulum with floating base (5)
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All equations

There are 3 more equations

ẍO = 0 = J0q̈ + J̇0q̇

<latexit sha1_base64="FWCcvw4O84HZ7hzu8z+rINr153Y=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARBKEkUlAXQtGNdGMFe4E2hMlk2g6dTOLMRCwhz+HGV3HjQhF34sa3cZpmoa0/HPj5zjnMnN+LGJXKsr6NwsLi0vJKcbW0tr6xuWVu77RkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y0uJ/32PRGShvxWjSPiBGjAaZ9ipDRyTbvn+6FKHlL3Gp5DS1fdteAU3qXwSFvt6mkGM+aaZatiZYLzxs5NGeRquOan3sRxQLjCDEnZta1IOQkSimJG0lIvliRCeIQGpKstRwGRTpKdlsIDTXzYD4UurmBGf28kKJByHHh6MkBqKGd7E/hfrxur/qmTUB7FinA8fagfM6hCOMkJ+lQQrNhYG4QF1X+FeIgEwkqnWdIh2LMnz5vWccWuVs5uquXaRR5HEeyBfXAIbHACauAKNEATYPAInsEreDOejBfj3fiYjhaMfGcX/JHx9QOSf59k</latexit>

Mq̈ � JT

O
F0 = ⌧ � f

<latexit sha1_base64="NMrTDtJFZgkna+wxFCpRzgsAJeg=">AAACDXicbVDJSgNBEO2JW4zbqEcvjVHwYpiRgHoQgoKIIEbIBkkcenp6kiY9i901QhjyA178FS8eFPHq3Zt/Y2c5aPRBweO9KqrqubHgCizry8jMzM7NL2QXc0vLK6tr5vpGTUWJpKxKIxHJhksUEzxkVeAgWCOWjASuYHW3dzb06/dMKh6FFejHrB2QTsh9TgloyTF3rnDL8yJI7wZ4H18617cVfO5YGJ/gFpBEaz7OOWbeKlgj4L/EnpA8mqDsmJ8tL6JJwEKggijVtK0Y2imRwKlgg1wrUSwmtEc6rKlpSAKm2unomwHe1YqH/UjqCgGP1J8TKQmU6geu7gwIdNW0NxT/85oJ+EftlIdxAiyk40V+IjBEeBgN9rhkFERfE0Il17di2iWSUNABDkOwp1/+S2oHBbtYOL4p5kunkziyaAttoz1ko0NUQheojKqIogf0hF7Qq/FoPBtvxvu4NWNMZjbRLxgf3+kemEg=</latexit>

J0q̈ = �J̇0q̇

<latexit sha1_base64="b4npAJ88H6giEjtuAU8lQJBOAeE=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgxjIjBXUhFN1IVxXsA9qhZDJpG5p5mGSEMswHuPFX3LhQxK0f4M6/MTOdhbYeCJyccw/JPU7ImVSm+W0UlpZXVteK66WNza3tnfLuXlsGkSC0RQIeiK6DJeXMpy3FFKfdUFDsOZx2nMl16nceqJAs8O/UNKS2h0c+GzKClZYG5UpjYKK+6wYqvk/QJTrRF80bSSZnaklPmVUzA1okVk4qkKM5KH/pKIk86ivCsZQ9ywyVHWOhGOE0KfUjSUNMJnhEe5r62KPSjrNlEnSkFRcNA6GPr1Cm/k7E2JNy6jl60sNqLOe9VPzP60VqeG7HzA8jRX0ye2gYcaQClDaDXCYoUXyqCSaC6b8iMsYCE6X7S0uw5ldeJO3TqlWrXtzWKvWrvI4iHMAhHIMFZ1CHG2hCCwg8wjO8wpvxZLwY78bHbLRg5Jl9+APj8wdZ4pny</latexit>

6 equations, 6 unknowns —> Solve for qddot, F0 at each time step

All equations, written more compactly
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<latexit sha1_base64="RPLj50wl1prs41Rd52oF+0rqHeU="></latexit>



MuJoCo: Pendulum with floating base (6)
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Mq̈ + f = ⌧ + JT

O
F0

<latexit sha1_base64="vxTMDFn/2mSjT3fU18rR9bCefSo=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKHMSEFdCEVBRBAr9AZtHTKZTBuauZicEcrQtRtfxY0LRdz6BO58G9PLQqs/BD7+cw4n53djwRVY1peRmZmdm1/ILuaWlldW18z1jZqKEklZlUYikg2XKCZ4yKrAQbBGLBkJXMHqbu9sWK/fM6l4FFagH7N2QDoh9zkloC3H3L7CLc+LIL0b4H3s4xPcApJovHSubyv43LEcM28VrJHwX7AnkEcTlR3zs+VFNAlYCFQQpZq2FUM7JRI4FWyQayWKxYT2SIc1NYYkYKqdjk4Z4F3teNiPpH4h4JH7cyIlgVL9wNWdAYGumq4Nzf9qzQT8o3bKwzgBFtLxIj8RGCI8zAV7XDIKoq+BUMn1XzHtEkko6PRyOgR7+uS/UDso2MXC8U0xXzqdxJFFW2gH7SEbHaISukBlVEUUPaAn9IJejUfj2Xgz3setGWMys4l+yfj4BuWgl9w=</latexit>

Trick: Use MuJoCo to do the computations.

1) Pendulum 1: Has equality constraints

2) Pendulum 1: Obtain J_0 and F_0

3) Pendulum 2: No equality constraints

4) Pendulum 2: Add forces at 0; J^T_0 F_0

5) (optional) only display Pendulum 2

Lets do this.



MuJoCo: Hybrid Systems (3)
Horizontal bar: Pendulum swing + Free fall

Lets use a finite state machine to program this logic



MuJoCo: Hybrid Systems (4)
• Summary of functions learnt

• Enforce constraints (in xml): equality

• Jacobian of constraints: efc_J

• Constraint force: efc_force


