Control an underactuated systems (1)

Degrees of freedom (m) = 2
Actuators (n) = |
Under-actuation,m > n

|) Pendubot: Only link | is actuated
2) Acrobot: Only link 2 is actuated

A



Control an underactuated systems (2)

Goal: Balance control of Acrobot / Pendubot

I'=—-Kiq1 — Kog1 — K3q2 — K4qo

How to choose K’s?




Control an underactuated systems (3)

Q
Goal: Balance control of Acrobot / Pendubot
I'=—-Kiq1 — K2q1 — K392 — Kuqo
: 0o .
How to choose K's? N\

Linear Quadratic Regulator

A

We will control the pendubot (link | is actuated)
Easy to extend to acrobat (link 2 is actuated)



Linear Quadratic Regulator (1)

r = Ax -+ Bu

Compute input u such that x(t) ->0
minimize J = / (2" Qz + u' Ru)
0
The minimization gives a gain matrix K such that
u = —Kuzx

K is found using Igr in python: K = control.lgr(A,B,Q,R)

Install control; in terminal: pip install control



Linear Quadratic Regulator (2)
minimize J = /0 OO(xTQaf+uTRu)

* Q and R are user chosen matrices
* One way of choosing these matrics
Q =1 _(nxn) and R = rho |_(mxm);
- | is the identity matrix, n is size of x, m is size of u, rho is
a design parameter
* rho << | will give large gains and vice versa for rho >> |



Linear Quadratic Regulator (3)

Most systems are nonlinear
= f(z,u)

This equation need to be linearized to

r=Ax + Bu



Linear Quadratic Regulator (4)

Linearize about a reference set point, (70, uo)
zo = f(2o,uo)
Taylor series expansion, consider only first-order terms

o+ 0 = f(xg,ug) gi 0x 8{; ou + higher order terms

0
}Z—I— 0F = f(}é Up) gf 0x gf ou + higher gx\der terms
x u




Double pendulum (1)

Equations for double pendulum

M qddot + frc_bias = tau

* M is the mass matrix, It’s dimension is 2x2
- frc_bias is gravity + coriolis forces, It's dimension is 2x]|
* tau is the external torque, It’s dimension is 2x|

Pendubot tau = [ctrl O]

Acrobot tau = [0 ctrl]’



Double pendulum (2)
We need to write equations in this fashion.
i = f(z,u) Eq. |
From equations of pendulum:

qddot = f(qg,qdot,ctrl)=inverse(M)(tau-frc_bias) Eq.2

We can now write a function f (see Eq 1) as follows

(41,41, 42, G2) = (f1, f2, [3, f4) = f(q1, 41,42, G2,u) Eq.3

~ ~_
Outputs Inputs
(xdot) From Eq. 2 (X,u)

Lets write code to compute xdot = f(x,u) (Eq. 3)



Double pendulum (3)
0 f of

Computing linearization of f: — _ 7 — W

0x

where f — {41761742762}T and L = {Q17q.17QQ7q.2}T

A and B matrices look like this

"ofr Ofi Ofn OfiT 017
dq1 041 dqo 0q2 ou
Of dq1  0q1  Oqz2  0qo B of Ou
A:_: :a—:
u
OX  Nofs 0fs 0fs Ofs ofs
g1 O0q1  Ogz2  0q2 “
0fs Ofs 0fs Ofa iy
_Ldq1  0q1  9Oq2  0q2 -




Double pendulum (4)

Computing A and B using finite difference (pseudo-code)

|) Create a function that returns f: flq1, 41,92, G2, u)
2) Compute nominal f0 (4x1):  f(¢?,¢%, 43, 49, u®)

3) Perturb first element ¢} + ¢

4) Compute new f (4x1):  f(q) +¢,4?, g5, go, u’)

5) Compute first column of A:

A( 1) _ f(q(l) + 674??7@87@3,%0) — f(q(l),q(l),qg,qg,uo)
’ €



Double pendulum (5)

Computing A and B using finite difference (pseudo-code)

6) Repeat to compute other rows of columns of A and so on

A( 2) _ f(qg)aq(l) T qugaqgauo) — f(qg,q?,qg,qg,u())
| €

7) Compute B

fa1: 47, a2, o, v +€) — fdh, i 42, G2, u°)
€

B =



Double pendulum (6)

8) Computing gain matrix K using Igr

In python: K = control.Igr(A,B,Q,R)

9) Test the controller

» Adding disturbance torque in mycontroller using
np.random.normal and gfrc_applied



