
Control an underactuated systems (1) 

1) Pendubot: Only link 1 is actuated
2) Acrobot: Only link 2 is actuated 

Degrees of freedom (m) = 2
Actuators (n) = 1
Under-actuation, m > n



Control an underactuated systems (2)

Goal: Balance control of Acrobot / Pendubot

T = �K1q1 �K2q̇1 �K3q2 �K4q̇2

<latexit sha1_base64="f963TfCjosWrnHXBsYDUA6wFqpY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Vw05LUiroQim6Ebir0IbQhTKaTdujk0ZmJUEK/xI2/4saFIoIr/RsnaRBtvXDhzDn3cOceJ2RUSMP40nJLyyura/n1wsbm1vaOvrvXFkHEMWnhgAX8zkGCMOqTlqSSkbuQE+Q5jHSc0XWid+4JFzTwm3ISEstDA5+6FCOpKFs/bcJLWKrbJhyrLsG6XYG9fiDj8TR51+0TJVRSofojVGy9aJSNtOAiMDNQBFk1bP1DeXHkEV9ihoTomkYorRhxSTEj00IvEiREeIQGpKugjzwirDg9bwqPFNOHbsBV+xKm7G9HjDwhJp6jJj0kh2JeS8j/tG4k3XMrpn4YSeLj2SI3YlAGMMkK9iknWLKJAghzqv4K8RBxhKVKtKBCMOdPXgTtStmsli9uq8XaVRZHHhyAQ3AMTHAGauAGNEALYPAAnsALeNUetWftTXufjea0zLMP/pT2+Q3oKJ4c</latexit>

How to choose K’s? 



Control an underactuated systems (3)

Goal: Balance control of Acrobot / Pendubot

T = �K1q1 �K2q̇1 �K3q2 �K4q̇2

<latexit sha1_base64="f963TfCjosWrnHXBsYDUA6wFqpY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Vw05LUiroQim6Ebir0IbQhTKaTdujk0ZmJUEK/xI2/4saFIoIr/RsnaRBtvXDhzDn3cOceJ2RUSMP40nJLyyura/n1wsbm1vaOvrvXFkHEMWnhgAX8zkGCMOqTlqSSkbuQE+Q5jHSc0XWid+4JFzTwm3ISEstDA5+6FCOpKFs/bcJLWKrbJhyrLsG6XYG9fiDj8TR51+0TJVRSofojVGy9aJSNtOAiMDNQBFk1bP1DeXHkEV9ihoTomkYorRhxSTEj00IvEiREeIQGpKugjzwirDg9bwqPFNOHbsBV+xKm7G9HjDwhJp6jJj0kh2JeS8j/tG4k3XMrpn4YSeLj2SI3YlAGMMkK9iknWLKJAghzqv4K8RBxhKVKtKBCMOdPXgTtStmsli9uq8XaVRZHHhyAQ3AMTHAGauAGNEALYPAAnsALeNUetWftTXufjea0zLMP/pT2+Q3oKJ4c</latexit>

How to choose K’s? 

Linear Quadratic Regulator

We will control the pendubot (link 1 is actuated)
Easy to extend to acrobat (link 2 is actuated)



Linear Quadratic Regulator (1)

K is found using lqr in python: K = control.lqr(A,B,Q,R)

ẋ = Ax+Bu

<latexit sha1_base64="Qel/olrHk5QdAZwsA5DPNpqnCWw=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFEIQyIwV1IdS6cVnBXqAdSibNtKGZC8kZaRlm6cZXceNCEbc+gjvfxrSdhbb+EPj4zzlJzu9GgiuwrG8jt7S8srqWXy9sbG5t75i7ew0VxpKyOg1FKFsuUUzwgNWBg2CtSDLiu4I13eHNpN58YFLxMLiHccQcn/QD7nFKQFtd87DTCyEZpfgKJx3Xw9cpHuHTGVdTHHfNolWypsKLYGdQRJlqXfNL30hjnwVABVGqbVsROAmRwKlgaaETKxYROiR91tYYEJ8pJ5kukuJj7fSwF0p9AsBT9/dEQnylxr6rO30CAzVfm5j/1doxeBdOwoMoBhbQ2UNeLDCEeJIK7nHJKIixBkIl13/FdEAkoaCzK+gQ7PmVF6FxVrLLpcu7crFSzeLIowN0hE6Qjc5RBd2iGqojih7RM3pFb8aT8WK8Gx+z1pyRzeyjPzI+fwACnpgQ</latexit>

Compute input u such that x(t) ->0

minimize J =

Z 1

0
(xTQx+ uTRu)

<latexit sha1_base64="LahCLjSZ70bgGqmzIuAG54We0ig="></latexit>

u = �Kx

<latexit sha1_base64="HT0zkBnHJqFGVl1PlRPAKexrXtE=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHYloB6EoBfBSwTzgGQNs5PZZMjs7DIPNSz5Dy8eFPHqv3jzb5wke9DEgoaiqpvuriDhTGnX/XYWFpeWV1Zza/n1jc2t7cLObl3FRhJaIzGPZTPAinImaE0zzWkzkRRHAaeNYHA19hsPVCoWizs9TKgf4Z5gISNYW+neoAt0nLaDEN2M0FOnUHRL7gRonngZKUKGaqfw1e7GxERUaMKxUi3PTbSfYqkZ4XSUbxtFE0wGuEdblgocUeWnk6tH6NAqXRTG0pbQaKL+nkhxpNQwCmxnhHVfzXpj8T+vZXR45qdMJEZTQaaLQsORjtE4AtRlkhLNh5ZgIpm9FZE+lphoG1TehuDNvjxP6iclr1w6vy0XK5dZHDnYhwM4Ag9OoQLXUIUaEJDwDK/w5jw6L8678zFtXXCymT34A+fzB5zfkVA=</latexit>

The minimization gives a gain matrix K such that

Install control; in terminal: pip install control



Linear Quadratic Regulator (2)

minimize J =

Z 1

0
(xTQx+ uTRu)

<latexit sha1_base64="LahCLjSZ70bgGqmzIuAG54We0ig="></latexit>

• Q and R are user chosen matrices
• One way of choosing these matrics

•  Q = I_(nxn) and R = rho I_(mxm); 
• I is the identity matrix, n is size of x, m is size of u, rho is 

a design parameter
• rho << 1 will give large gains and vice versa for rho >> 1



Linear Quadratic Regulator (3)

Most systems are nonlinear

ẋ = Ax+Bu

<latexit sha1_base64="Qel/olrHk5QdAZwsA5DPNpqnCWw=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFEIQyIwV1IdS6cVnBXqAdSibNtKGZC8kZaRlm6cZXceNCEbc+gjvfxrSdhbb+EPj4zzlJzu9GgiuwrG8jt7S8srqWXy9sbG5t75i7ew0VxpKyOg1FKFsuUUzwgNWBg2CtSDLiu4I13eHNpN58YFLxMLiHccQcn/QD7nFKQFtd87DTCyEZpfgKJx3Xw9cpHuHTGVdTHHfNolWypsKLYGdQRJlqXfNL30hjnwVABVGqbVsROAmRwKlgaaETKxYROiR91tYYEJ8pJ5kukuJj7fSwF0p9AsBT9/dEQnylxr6rO30CAzVfm5j/1doxeBdOwoMoBhbQ2UNeLDCEeJIK7nHJKIixBkIl13/FdEAkoaCzK+gQ7PmVF6FxVrLLpcu7crFSzeLIowN0hE6Qjc5RBd2iGqojih7RM3pFb8aT8WK8Gx+z1pyRzeyjPzI+fwACnpgQ</latexit>

ẋ = f(x, u)

<latexit sha1_base64="YgJVPJDH3tRcRDUZkFCncfnWs5Y=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWoIGVGCupCKLpxWcE+oB1KJs20oZnMkNwpLUP/xI0LRdz6J+78G9N2Ftp64MLhnHuTe48fC67Bcb6t3Nr6xuZWfruws7u3f2AfHjV0lCjK6jQSkWr5RDPBJasDB8FasWIk9AVr+sP7md8cMaV5JJ9gEjMvJH3JA04JGKlr251eBOl4im9xUBpfJOddu+iUnTnwKnEzUkQZal37yzxBk5BJoIJo3XadGLyUKOBUsGmhk2gWEzokfdY2VJKQaS+dbz7FZ0bp4SBSpiTgufp7IiWh1pPQN50hgYFe9mbif147geDaS7mME2CSLj4KEoEhwrMYcI8rRkFMDCFUcbMrpgOiCAUTVsGE4C6fvEoal2W3Ur55rBSrd1kceXSCTlEJuegKVdEDqqE6omiEntErerNS68V6tz4WrTkrmzlGf2B9/gAo65K3</latexit>

This equation need to be linearized to



Linear Quadratic Regulator (4)

Linearize about a reference set point, 

Taylor series expansion, consider only first-order terms

(x0, u0)

<latexit sha1_base64="yRwV9juyqPOYyQ6jbABm7opEdQc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdKai3ohePFeyHtMuSTdM2NMkuSVYsS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8acaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKRzdTv/VIlWaRvDfjmPoCDyTrM4KNlR7KT4F7lgTuaVAsuRV3BrRMvIyUIEM9KH51exFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUoP9SNlSxo0U39PpFhoPRah7RTYDPWiNxX/8zqJ6V/6KZNxYqgk80X9hCMToen3qMcUJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0zytetXJ1Vy3VrrM48nAEx1AGDy6gBrdQhwYQEPAMr/DmKOfFeXc+5q05J5s5hD9wPn8APKuPaA==</latexit>

ẋ0 = f(x0, u0)

<latexit sha1_base64="PMXlGYGJ62peo2BA4jlUe7/39Io=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUEFKRgrqQii6cVnBPqAdhkyaaUMzmSHJSMswG3/FjQtF3PoZ7vwb03YWWj1w4XDOvcm9x485UxqhL6uwtLyyulZcL21sbm3v2Lt7LRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW37o5up336gUrFI3OtJTN0QDwQLGMHaSJ590OtHOh1nHoJXMKiMPXSaeOgEenYZVdEM8C9xclIGORqe/WleIklIhSYcK9V1UKzdFEvNCKdZqZcoGmMywgPaNVTgkCo3nR2QwWOj9GEQSVNCw5n6cyLFoVKT0DedIdZDtehNxf+8bqKDCzdlIk40FWT+UZBwqCM4TQP2maRE84khmEhmdoVkiCUm2mRWMiE4iyf/Ja2zqlOrXt7VyvXrPI4iOARHoAIccA7q4BY0QBMQkIEn8AJerUfr2Xqz3uetBSuf2Qe/YH18AxRzlMo=</latexit>

ẋ0 + �ẋ = f(x0, u0) +
@f

@x
�x+

@f

@u
�u+ higher order terms

<latexit sha1_base64="ro3RFii02jE0AqaktaPigksgO3M="></latexit>

ẋ0 + �ẋ = f(x0, u0) +
@f

@x
�x+

@f

@u
�u+ higher order terms

<latexit sha1_base64="ro3RFii02jE0AqaktaPigksgO3M="></latexit>

�ẋ = A�x+B�u

<latexit sha1_base64="B9Wih4zg4hWcjN4tA/EHnKz5MT4=">AAACFHicbVDLSgMxFM34rPVVdenmYhGEQpmRgroQat24rGAf0JaSSdM2NPMguSMtQz/Cjb/ixoUibl24829M2xG09UDg5Jx7b3KPG0qh0ba/rKXlldW19dRGenNre2c3s7df1UGkGK+wQAaq7lLNpfB5BQVKXg8Vp54rec0dXE/82j1XWgT+HY5C3vJozxddwSgaqZ3JNTtcIoVmJ8B4OIZLuIJEGkIOoPRziwDamaydt6eAReIkJEsSlNuZTzOWRR73kUmqdcOxQ2zFVKFgko/TzUjzkLIB7fGGoT71uG7F06XGcGyUDnQDZY6PMFV/d8TU03rkuabSo9jX895E/M9rRNg9b8XCDyPkPps91I0kYACThKAjFGcoR4ZQpoT5K7A+VZShyTFtQnDmV14k1dO8U8hf3BayxVISR4ockiNyQhxyRorkhpRJhTDyQJ7IC3m1Hq1n6816n5UuWUnPAfkD6+MbmV6cAg==</latexit>

where A =
@f

@x

<latexit sha1_base64="4jtNz1uCk3s5XkkgItfCdvNA1Ns=">AAACC3icbZDLSgMxFIbP1Futt1GXbkKL4KrMSEFdCFU3LivYC3SGkkkzbWjmQpIRy9C9G1/FjQtF3PoC7nwbM+2A2vpD4OM/5yQ5vxdzJpVlfRmFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7rK6u07KiSLwls1jqkb4EHIfEaw0lbPLF+gc4QcX2CSOjEWimGO/MkP3096ZsWqWlOhRbBzqECuRs/8dPoRSQIaKsKxlF3bipWbZhcSTiclJ5E0xmSEB7SrMcQBlW463WWCDrXTR34k9AkVmrq/J1IcSDkOPN0ZYDWU87XM/K/WTZR/6qYsjBNFQzJ7yE84UhHKgkF9JihRfKwBE8H0XxEZYp2L0vGVdAj2/MqL0Dqu2rXq2U2tUr/M4yjCAZThCGw4gTpcQwOaQOABnuAFXo1H49l4M95nrQUjn9mHPzI+vgEWE5qB</latexit>

B =
@f

@u

<latexit sha1_base64="UCYbSpG9qkf8qeg7J8SjyFin0PM=">AAACC3icbZDLSsNAFIZP6q3WW9Slm8EiuCqJFNSFUOrGZQV7gSaUyXTSDp1cmJkIJWTvxldx40IRt76AO9/GSRtQW38Y+PjPOTNzfi/mTCrL+jJKK6tr6xvlzcrW9s7unrl/0JFRIghtk4hHoudhSTkLaVsxxWkvFhQHHqddb3Kd17v3VEgWhXdqGlM3wKOQ+Yxgpa2BedxEVwg5vsAkdWIsFMMc+dkPJ9nArFo1aya0DHYBVSjUGpifzjAiSUBDRTiWsm9bsXLT/ELCaVZxEkljTCZ4RPsaQxxQ6aazXTJ0op0h8iOhT6jQzP09keJAymng6c4Aq7FcrOXmf7V+ovwLN2VhnCgakvlDfsKRilAeDBoyQYniUw2YCKb/isgY61yUjq+iQ7AXV16GzlnNrtcub+vVRrOIowxHcAynYMM5NOAGWtAGAg/wBC/wajwaz8ab8T5vLRnFzCH8kfHxDRMpmn8=</latexit>

and



Double pendulum (1)
Equations for double pendulum

• M is the mass matrix, It’s dimension is 2x2
• frc_bias is gravity + coriolis forces, It’s dimension is 2x1
• tau is the external torque, It’s dimension is 2x1

Pendubot

Acrobot

 M qddot + frc_bias = tau 

tau = [ctrl 0]’

tau = [0 ctrl]’



Double pendulum (2)
We need to write equations in this fashion.

ẋ = f(x, u)

<latexit sha1_base64="YgJVPJDH3tRcRDUZkFCncfnWs5Y=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWoIGVGCupCKLpxWcE+oB1KJs20oZnMkNwpLUP/xI0LRdz6J+78G9N2Ftp64MLhnHuTe48fC67Bcb6t3Nr6xuZWfruws7u3f2AfHjV0lCjK6jQSkWr5RDPBJasDB8FasWIk9AVr+sP7md8cMaV5JJ9gEjMvJH3JA04JGKlr251eBOl4im9xUBpfJOddu+iUnTnwKnEzUkQZal37yzxBk5BJoIJo3XadGLyUKOBUsGmhk2gWEzokfdY2VJKQaS+dbz7FZ0bp4SBSpiTgufp7IiWh1pPQN50hgYFe9mbif147geDaS7mME2CSLj4KEoEhwrMYcI8rRkFMDCFUcbMrpgOiCAUTVsGE4C6fvEoal2W3Ur55rBSrd1kceXSCTlEJuegKVdEDqqE6omiEntErerNS68V6tz4WrTkrmzlGf2B9/gAo65K3</latexit>

From equations of pendulum:

We can now write a function f (see Eq 1) as follows

Eq. 2

Lets write code to compute xdot = f(x,u) (Eq. 3)

(q̇1, q̈1, q̇2, q̈2) = (f1, f2, f3, f4) = f(q1, q̇1, q2, q̇2, u)

<latexit sha1_base64="atejAz3ZgNgv2ZTzzXhU8xBUOL4="></latexit>

Outputs 
(xdot)

Inputs
(x,u)

Eq. 1

From Eq. 2

Eq. 3

qddot  = f(q,qdot,ctrl)=inverse(M)(tau-frc_bias) 



Double pendulum (3)
Computing linearization of f: A =

@f

@x

<latexit sha1_base64="4jtNz1uCk3s5XkkgItfCdvNA1Ns=">AAACC3icbZDLSgMxFIbP1Futt1GXbkKL4KrMSEFdCFU3LivYC3SGkkkzbWjmQpIRy9C9G1/FjQtF3PoC7nwbM+2A2vpD4OM/5yQ5vxdzJpVlfRmFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7rK6u07KiSLwls1jqkb4EHIfEaw0lbPLF+gc4QcX2CSOjEWimGO/MkP3096ZsWqWlOhRbBzqECuRs/8dPoRSQIaKsKxlF3bipWbZhcSTiclJ5E0xmSEB7SrMcQBlW463WWCDrXTR34k9AkVmrq/J1IcSDkOPN0ZYDWU87XM/K/WTZR/6qYsjBNFQzJ7yE84UhHKgkF9JihRfKwBE8H0XxEZYp2L0vGVdAj2/MqL0Dqu2rXq2U2tUr/M4yjCAZThCGw4gTpcQwOaQOABnuAFXo1H49l4M95nrQUjn9mHPzI+vgEWE5qB</latexit>

B =
@f

@u

<latexit sha1_base64="UCYbSpG9qkf8qeg7J8SjyFin0PM=">AAACC3icbZDLSsNAFIZP6q3WW9Slm8EiuCqJFNSFUOrGZQV7gSaUyXTSDp1cmJkIJWTvxldx40IRt76AO9/GSRtQW38Y+PjPOTNzfi/mTCrL+jJKK6tr6xvlzcrW9s7unrl/0JFRIghtk4hHoudhSTkLaVsxxWkvFhQHHqddb3Kd17v3VEgWhXdqGlM3wKOQ+Yxgpa2BedxEVwg5vsAkdWIsFMMc+dkPJ9nArFo1aya0DHYBVSjUGpifzjAiSUBDRTiWsm9bsXLT/ELCaVZxEkljTCZ4RPsaQxxQ6aazXTJ0op0h8iOhT6jQzP09keJAymng6c4Aq7FcrOXmf7V+ovwLN2VhnCgakvlDfsKRilAeDBoyQYniUw2YCKb/isgY61yUjq+iQ7AXV16GzlnNrtcub+vVRrOIowxHcAynYMM5NOAGWtAGAg/wBC/wajwaz8ab8T5vLRnFzCH8kfHxDRMpmn8=</latexit>

x = {q1, q̇1, q2, q̇2}T

<latexit sha1_base64="ZoYlMBlsb+V5qyE0iBbvjth1z8k=">AAACE3icbVDLSgMxFM34rPU16tJNsAgiUmZKQV0IRTcuK/QFnXHIpJk2NPNokhHLMP/gxl9x40IRt27c+Tdm2gG19UDg5Jx7b3KPGzEqpGF8aQuLS8srq4W14vrG5ta2vrPbEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eJX57TvCBQ2DhhxHxPZRP6AexUgqydGP7+EFtBI4cswTaPVCmYzSjI6cys+9Aq30tuHoJaNsTADniZmTEshRd/RPNQDHPgkkZkiIrmlE0k4QlxQzkhatWJAI4SHqk66iAfKJsJPJTik8VEoPeiFXJ5Bwov7uSJAvxNh3VaWP5EDMepn4n9eNpXdmJzSIYkkCPH3IixmUIcwCgj3KCZZsrAjCnKq/QjxAHGGpYiyqEMzZledJq1I2q+Xzm2qpdpnHUQD74AAcAROcghq4BnXQBBg8gCfwAl61R+1Ze9Pep6ULWt6zB/5A+/gGd0GcEg==</latexit>

f = {q̇1, q̈1, q̇2, q̈2}T

<latexit sha1_base64="00QHhPI/QS+L5SPr594HzCqXUyc=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARXEhJSkFdCEU3Liv0Bk0Mk8mkHTq5ODMRSsiLuPFV3LhQxIUb8W2ctlFq6w8DH/85Z2bO78aMCmkYX1phaXllda24XtrY3Nre0Xf32iJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjDq/G9c494YJGYVOOYmIHqB9Sn2IkleXoNf8CWqnlRTK9yxzzBFreL/+41Rm3amW3TUcvGxVjIrgIZg5lkKvh6B/qLpwEJJSYISF6phFLO0VcUsxIVrISQWKEh6hPegpDFBBhp5PtMnikHA/6EVcnlHDizk6kKBBiFLiqM0ByIOZrY/O/Wi+R/pmd0jBOJAnx9CE/YVBGcBwV9CgnWLKRAoQ5VX+FeIA4wlIFWlIhmPMrL0K7WjFrlfObWrl+mcdRBAfgEBwDE5yCOrgGDdACGDyAJ/ACXrVH7Vl7096nrQUtn9kHf6R9fgP5ZqHi</latexit>

where and

A and B matrices look like this

A =
@f

@x
=

2

6666666664

@f1
@q1

@f1
@q̇1

@f1
@q2

@f1
@q̇2

@f2
@q1

@f2
@q̇1

@f2
@q2

@f2
@q̇2

@f3
@q1

@f3
@q̇1

@f3
@q2

@f3
@q̇2

@f4
@q1

@f4
@q̇1

@f4
@q2

@f4
@q̇2

3

7777777775

<latexit sha1_base64="2Ywv/YienmyutkUg3/WCCAafhV8=">AAAEt3icjZPfa9swEMfV2Fs771e6Pe5FLGzsKdiOYe1Dodte9tjB0pZFwciynIjKsiPJpcH4T+xL3/bfTE7CaJwUdNhwuvve3cfCl5ScKe37fw96jvvs+eHRC+/lq9dv3vaP312qopKEjknBC3mdYEU5E3Ssmeb0upQU5wmnV8nNjzZ/dUulYoX4rZclneZ4JljGCNYmFB/37r/BM4gyiUmNSiw1wxzWKMlg1jSdyF3TGK2HEj pjok5yrCW7a0xguzqLg0eVC3OCn7sTtjUoLXS9aCyUizi07maUCJlnly+04Aut+UILvn3dnuYbWfCNrPlGFnz7uj3NF1nwRdZ8UYfPstkaz0NUpP//RS/uD/yhvzK46wQbZwA2dhH3H0w/UuVUaMKxUpPAL/W0bmcRThsPVYqWmNzgGZ0YV+Ccqmm92rsGfjKRFGaFNK/QcBV9XFHjXKllnhilAZyrbq4N7stNKp2dTGsmykpTQdaDsopDXcB2iWHKJCWaL42DiWSGFZI5Npemzaq3lxB0P3nXuQyHQTQ8/RUNzr9vruMIfAAfwRcQgK/gHPwEF2AMiBM5fxzipO6pG7uZO19Lewebmvdgy9zFP2rNlCo=</latexit>

B =
@f

@u
=

2

666666664

@f1
@u

@f2
@u

@f3
@u

@f4
@u

3

777777775

<latexit sha1_base64="eAiCu6TfijX7U/RHLpJLpJ5i8Aw="></latexit>



Double pendulum (4)
Computing A and B using finite difference (pseudo-code)

1) Create a function that returns f: 

2) Compute nominal f0 (4x1): 

3) Perturb first element  q01 + ✏

<latexit sha1_base64="htb+/lQW1IGqkeY74G4JnbbbcH0=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNRb0YvHCvYD2m3Jptk2NJusSVYpS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD0c3Ubz5SpZkU92YcUz/CA8FCRrCxUveh6/a8sw6NNeNS9Iolt+zOgJaJl5ESZKj1il+dviRJRIUhHGvd9tzY+ClWhhFOJ4VOommMyQgPaNtSgSOq/XR29QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/89qJCS/9lIk4MVSQ+aIw4chINI0A9ZmixPCxJZgoZm9FZIgVJsYGVbAheIsvL5PGedmrlK/uKqXqdRZHHo7gGE7Bgwuowi3UoA4EFDzDK7w5T86L8+58zFtzTjZzCH/gfP4A34ySIg==</latexit>

4) Compute new f (4x1): 

5) Compute first column of A:  

f(q1, q̇1, q2, q̇2, u)

<latexit sha1_base64="FQk4wnrXSjzLakIshqLLB4sSOKg=">AAACD3icbZDLSgMxFIYzXmu9jbp0EyxKBSkzpaDuim5cVrAXaMuQSTNtaObS5IxQhr6BG1/FjQtF3Lp159uYaQfU1gOBL/+5JOd3I8EVWNaXsbS8srq2ntvIb25t7+yae/sNFcaSsjoNRShbLlFM8IDVgYNgrUgy4ruCNd3hdZpv3jOpeBjcwThiXZ/0A+5xSkBLjnniFfHIsc9wpxdCMpqkOHLKP3eNMT51zIJVsqaBF8HOoICyqDnmpx5AY58FQAVRqm1bEXQTIoFTwSb5TqxYROiQ9FlbY0B8prrJdJ8JPtZKD3uh1CcAPFV/dyTEV2rsu7rSJzBQ87lU/C/XjsG76CY8iGJgAZ095MUCQ4hTc3CPS0ZBjDUQKrn+K6YDIgkFbWFem2DPr7wIjXLJrpQubyuF6lVmRw4doiNURDY6R1V0g2qojih6QE/oBb0aj8az8Wa8z0qXjKznAP0J4+Mb2nqaCw==</latexit>

f(q01 , q̇
0
1 , q

0
2 , q̇

0
2 , u

0)

<latexit sha1_base64="Vo8ojVLQXvnmTOqj4CN6x9bDgyI=">AAACGXicbVDLSgMxFM3UV62vUZdugkWoICVTCuqu6MZlBfuAdjpk0kwbmnk0yQhl6G+48VfcuFDEpa78GzPtLGrrgcC559yb5B434kwqhH6M3Nr6xuZWfruws7u3f2AeHjVlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx3dpn7rkQrJwuBBTSJq+3gQMI8RrLTkmMgrwXEPOdYF7PZDlYyn8yLVKouaLuIegueOWURlNANcJVZGiiBD3TG/9CUk9mmgCMdSdiwUKTvBQjHC6bTQjSWNMBnhAe1oGmCfSjuZbTaFZ1rpQy8U+gQKztTFiQT7Uk58V3f6WA3lspeK/3mdWHlXdsKCKFY0IPOHvJhDFcI0JthnghLFJ5pgIpj+KyRDLDBROsyCDsFaXnmVNCtlq1q+vq8WazdZHHlwAk5BCVjgEtTAHaiDBiDgCbyAN/BuPBuvxofxOW/NGdnMMfgD4/sXBGmdNQ==</latexit>

f(q01 + ✏, q̇01 , q
0
2 , q̇

0
2 , u

0)

<latexit sha1_base64="ogy/8y8oOl/ApFRUBmmdWOx2IL8=">AAACJHicbVDLSgMxFM34rPVVdekmWISKpcyUgoqbohuXFewD+iKTZtrQTDJNMkIZ+jFu/BU3Lnzgwo3fYqadRW09EDg5596b3OMGjCpt29/Wyura+sZmaiu9vbO7t585OKwpEUpMqlgwIRsuUoRRTqqaakYagSTIdxmpu8Pb2K8/Eqmo4A96HJC2j/qcehQjbaRu5trLwVHH7jrwHLZIoCgTPA9bPaGj0STW81O7OK+ZS9ix4Vk3k7UL9hRwmTgJyYIElW7mwwzBoU+4xgwp1XTsQLcjJDXFjEzSrVCRAOEh6pOmoRz5RLWj6ZITeGqUHvSENIdrOFXnOyLkKzX2XVPpIz1Qi14s/uc1Q+1dtiPKg1ATjmcPeSGDWsA4MdijkmDNxoYgLKn5K8QDJBHWJte0CcFZXHmZ1IoFp1S4ui9lyzdJHClwDE5ADjjgApTBHaiAKsDgCbyAN/BuPVuv1qf1NStdsZKeI/AH1s8vDuihZA==</latexit>

A(:, 1) =
f(q01 + ✏, q̇01 , q

0
2 , q̇

0
2 , u

0)� f(q01 , q̇
0
1 , q

0
2 , q̇

0
2 , u

0)

✏

<latexit sha1_base64="0nPFJWPXh1eL9S8Oe4FOU9UFyYA="></latexit>



Double pendulum (5)
Computing A and B using finite difference (pseudo-code)

6) Repeat to compute other rows of columns of A and so on 

7) Compute B

A(:, 2) =
f(q01 , q̇

0
1 + ✏, q02 , q̇

0
2 , u

0)� f(q01 , q̇
0
1 , q

0
2 , q̇

0
2 , u

0)

✏

<latexit sha1_base64="RfTKUndQU3ZHm8+4cKEzxgbtqt4="></latexit>

B =
f(q01 , q̇

0
1 , q

0
2 , q̇

0
2 , u

0 + ✏)� f(q01 , q̇
0
1 , q

0
2 , q̇

0
2 , u

0)

✏

<latexit sha1_base64="gLq1K64s/9WFtyfCx5Z9PsJsVWY="></latexit>



Double pendulum (6)
8) Computing gain matrix K using lqr

In python:  K = control.lqr(A,B,Q,R)

9) Test the controller

• Adding disturbance torque in mycontroller using 
np.random.normal and qfrc_applied


